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[1] Magnetic reconnection in a plane current sheet is investigated in both two and three
dimensions, using three different types of simulation codes, Hall MHD, hybrid (electron
fluid, kinetic ions), and a new code called Hall-less hybrid. The latter code, which is
similar to the hybrid code but has the Hall term removed, enables us to clarify the
differences between kinetic ion and Hall MHD approaches. The major findings of this
research are (1) Sweet-Parker regime of reconnection cannot be maintained and does not
reach a steady state in a kinetic plasma for physically interesting parameter regimes.
(2) Fast asymptotic reconnection rate of 0.15VA0B0 is obtained both in the hybrid and Hall-
less hybrid simulations with outflow boundaries. VA0 and B0 are the Alfvén velocity and
magnetic field strength in the upstream region. This finding has two immediate
implications. First, ion kinetics are sufficient to lead to fast reconnection even in the
absence of the Hall term, and second, explanation of fast reconnection in terms of
quadratic disperion of whistlers needs to be reconsidered, as whistlers are dispersionless in
Hall-less hybrid limit. (3) Unlike in MHD, diffusion region is different in size that the
region of localized resistivity. (4) While both Hall and hybrid codes show that
reconnection is inherently asymmetric in three dimensions, there are differences in the
nature of the asymmetry. In Hall MHD we show that the X-line grows in the direction of
the electron drift, propagating as a (reconnection) wave because the current is carried by
electrons, although the wave direction can change in the presence of a substantial ion flow.
However, in the hybrid simulations here, as is the case for typical conditions at the
magnetopause and magnetotail, ions carry the bulk of the current, and the observed
asymmetry is found to be due to ion flow and not a wave motion unless the extent of finite
resistivity in the third dimension is very thin, comparable to the current sheet thickness.
Thus aside from scenarios where electrons are the dominant current carriers, such as very
thin current sheets that are on electron scales, we do not expect the reconnection wave to
form. This result is relevant to the magnetotail where dawn-dusk asymmetries are
observed in the motions of auroral brightenings and surges, as well as in the statistical
location of pressure decreases, flows, and magnetic signatures associated with the near-
Earth neutral line and early plasmoids. We attribute the observed dawn-dusk asymmetries
to ion flows. One interesting question left for future work is the possibility that
reconnection waves may form in thin electron-scale current layers that are sometimes
observed embedded within a thicker sheet in the magnetotail. INDEX TERMS: 7835 Space
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1. Introduction

[2] Magnetic reconnection is an important energy con-
version process [Dungey, 1961; Vasyliunas, 1975] that
occurs in a variety of settings such as planetary magneto-
spheres, the Sun, and astrophysical plasmas. The theoretical
studies of this process have focused mainly on the two-
dimensional steady state solutions. The two most discussed
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models of reconnection are those of Sweet-Parker [Sweet,
1958; Parker, 1957] and Petschek [1964]. The Sweet-
Parker model yields reconnection rates that are too slow
to explain fast dissipative events. An alternative model, with
a much faster reconnection rate, was put forth by Petschek
[1964], who argued that in a collisionless plasma the
dissipation can occur over a small region called the diffu-
sion region. The energy conversion is primarily achieved in
this model through slow shocks that bound the reconnection
region. In effect, the Petschek model consists of a Sweet-
Parker current sheet that is confined to a small region, with
slow shocks attached. The questions of which model is
attainable and under what conditions have been the subject
of much study but are still not fully understood.
[3] This issue is not just a mere theoretical curiosity but

has important implications for dayside reconnection, sub-
storm evolution in the magnetotail, and solar flares, among
others. Most studies of the steady state reconnection have
been based on two-dimensional MHD simulations [Ugai
and Tsuda, 1977; Scholer, 1989; Yan et al., 1992; Ugai,
1999]. These studies have shown that Sweet-Parker recon-
nection is obtained unless the resistivity is localized in a
small region. A more recent study by Erkaev et al. [2000],
using a combination of analytical theory and simulations in
an incompressible plasma, has confirmed this conclusion.
They derived a generalized analytical expression for the
reconnection rate as a function of the ratio of the size of the
diffusion region compared with the length of the reconnec-
tion layer (system size). Their expression incorporates both
Sweet-Parker and Petschek regimes as special cases. When
the resistivity scale length is large and comparable to the
length of the reconnection layer, the Sweet-Parker process
results, independent of the magnitude of the resistivity,
whereas in the limit where the resistivity is localized to a
small region, Petschek-type reconnection is obtained.
Biskamp and Schwarz [2001] examined the effect of local-
ization of the resistivity and showed that the reconnection
rate depends only weakly on the value of the resistivity h at
the X-point and is proportional to 1/jlog hj. Shay et al.
[1999] classified the type of reconnection possible based on
the ratio of d/D, where d is the resistivity-dependent width of
the diffusion region and D is the length of the diffusion
region along the outflow direction. Sweet-Parker is obtained
if d/D � 1 and Petschek if d/D ] 1. Laboratory experiments
seem to favor Sweet-Parker reconnection [Uzdensky et al.,
1996; Ji et al., 1999], but the small size of the plasma
device in such experiments may affect the results.
[4] The above MHD-based studies have been very useful

in developing an understanding of the relationship between
the size of the diffusion region and the resulting reconnec-
tion geometry. However, one important question left un-
answered is whether the above results hold in the kinetic
regime. To address this issue, we focus our study here on
three interrelated questions: (1) Do the two reconnection
regimes exist and form based on the conditions stated
above? (2) Do three-dimensional effects impact the results?
(3) Can ion kinetics alone and in the absence of the Hall
term lead to fast Petschek-like reconnection?
[5] We used hybrid (electron fluid, kinetic ions) simula-

tions to perform a systematic study of the structure of the
reconnection layer as a function of spatial extent of the
resistivity in both two and three dimensions. We have also

developed a version of the hybrid code where we can
remove the Hall term from the equations. This so-called
Hall-less hybrid code enables us to assess the relative role of
Hall effects compared with kinetic effects in our results. The
results of this study have revealed a number of surprises.
For instance, unlike previous studies based on resistive
MHD, we find that the Sweet-Parker regime of reconnection
cannot be maintained and does not reach a steady state in a
kinetic plasma. Another surprising finding is the relative
importance of the Hall term and kinetic effects. It is known
that the Hall term plays a dominant role in the reconnection
process, leading to fast reconnection as well as generation of
the quadrupole structure. However, we find here that ion
kinetics are sufficient to lead to fast reconnection even in the
absence of the Hall term. Furthermore, the observed asym-
metries in the magnetic field arising in three-dimensional
(3-D) Hall-MHD simulations of reconnection [Huba and
Rudakov, 2004; Shay et al., 2003] can be different in the
kinetic regime. These findings, together with the fact that
even the quadrupole magnetic structure can be generated
solely based on kinetic effects [Karimabadi et al., 2004]
even in the absence of the Hall term, indicate the importance
of ion kinetics in the reconnection process.
[6] The remainder of this paper is organized as follows.

Section 2 describes the simulation models. Section 3 shows
the effect of spatial variations in resistivity using hybrid
simulations, both 2-D and 3-D results. The summary and
conclusion follow in section 4.

2. Simulation Models

2.1. Hybrid Code

[7] The basic description of various electromagnetic
hybrid algorithms can be found in the work of Winske et al.
[2003]. We implemented and tested the predictor-corrector,
CAM-CL, and one-pass algorithms for the problem of
reconnection. We found that a modified version of the one-
pass algorithm (see Appendix A) has overall numerical
properties comparable to the predictor-corrector algorithm
but superior to CAM-CL, andwe used it for all the production
runs reported here. In a few cases we also used the other
algorithms for comparison to ensure that the results are not
modified significantly due to the choice of the algorithm. The
simulation setup and normalization are the same as those
used by Karimabadi et al. [1999, 2003a]. The system is
initialized according to the Harris equilibrium with a back-
ground population of ions having a uniform density and with
a temperature equal to the current carrying ions. The coordi-
nate system used is such that the main component of the
magnetic field is in the ±y-direction with spatial variations
in the x-direction, and the current supporting this field is in
the z-direction. All boundaries have freely floating field
conditions that allow the magnetic field to slip as necessary.
Likewise, for the ions the boundaries are of free inflow-
outflow type. Escaping ions are replaced with new ions such
that the first two moments are approximately constant over
time, in each cell [Krauss-Varban et al., 1999a; Karimabadi
et al., 1999]. In addition, the current-carrying ions are
injected with the proper drift speed, as required by the Harris
equilibrium, at small z for the 3-D runs. The presence of the
background population gives rise to the ion-ion kink insta-
bility [Karimabadi et al., 2003b] in the plane perpendicular to
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the reconnection plane. Thus in our 2-D reconnection simu-
lations the ion-ion kink instability will not be present, but it
will be present in our 3-D simulations. For details regarding
the linear and nonlinear of ion-ion kink instability and its
relation to the Kelvin-Helmholtz we refer the reader to
Karimabadi et al. [2003a, 2003b].
[8] The typical simulation parameters for the 2-D runs are

Dx = Dy = 0.1 c/wpi, 100 particles per cell on average, and
WciDt = 0.001 � 0.01. Here wpi is the ion plasma frequency
and Wci is the ion gyrofrequency. Ion plasma frequency is
normalized with respect to maximum current sheet density.
Other parameters include ri/L = 0.8 and Te/Ti = 0.2, where ri
is the ion gyroradius and L is the current sheet half
thickness. The same parameters are used for the 3-D runs
except the simulation box typically has 80 � 100� 80 cells,
a cell size of Dx = Dy = Dz = 0.25 c/wpi, and 60 particles per
cell on average. The coordinate system is the same as in the
2-D simulations, with z being the third dimension, i.e., in
the direction of the current. The time step is 0.02 Wci

�1 or
smaller, with a total run time of typically 2000 to 10,000
steps. As in the 2-D simulations, there are two ion species
and electrons.
[9] The hybrid code algorithm has very little intrinsic

diffusion and does not allow for reconnection unless a finite
resistivity (usually localized) is set to break the frozen-in
condition of the electrons. In the presence of a uniform
resistivity throughout the simulation box, diffusion of the
current sheet will dominate and no significant reconnection
will occur unless (1) an externally imposed perturbation is
introduced or (2) if there exists inherent inhomogeneities in
the problem (e.g., curved magnetopause).
[10] Here we use two models for the imposed resistivity

to obtain reconnection. The first is the box model, where the
resistivity has a finite value of h only within a box centered
in the simulation domain and having widths of 2hx, 2hy, and
2hz in the x, y, and z directions as shown in Figure 1. In the
remainder of this paper, when we refer to uniform resistivity
model, we refer to this box model where resistivity has a
finite and uniform value within a specified region rather
than throughout the simulation domain. The second model
consists of a resistivity of the form h[cosh ((x � xc)/hx) cosh

((y � yc)/hy) cosh ((z � zc)/hz)]
�1, where the subscript c

indicates the simulation domain center. By varying hx, hy,
and hz, we can then examine the possibility of various
reconnection regimes. We have made runs with the resis-
tivity h (normalized to 4p/wpi) of 5 � 10�6 to 4 � 10�4 and
have not seen much difference except that the reconnection
takes longer to develop for cases with the lower value of
resistivity and may have weaker signatures. In the remain-
der of this paper, unless otherwise specified, the normalized
resistivity h is taken to be 4 � 10�4. The resistive scale
length lr normalized to the ion inertial length is given by
h2/wpV, where h is normalized to 4p/wpi and V is the flow
speed normalized to the speed of light. Taking V to be 0.1 �
1VA (VA is the Alfvén speed), we obtain a resistive scale
length of 0.1 � 1 c/wpi for h = 5 � 10�5 and 0.8 � 8c/wpi for
h = 4 � 10�4. Alternatively, one can estimate the anoma-
lous collision frequency associated with the values of h used
from h = menan/nee

2. We find that nan ’ 0.01 wpi for h = 5 �
10�6 and nan ’ 0.73 wpi for h = 4 � 10�4. We will discuss
the rationale for our choice of the resistivity scales in
section 3.2.
[11] As an alternative to seeding the simulation with an

initial perturbation, we have also performed simulations
where we get the reconnection going through a localized
resistivity and then make the resistivity uniform all through-
out the simulation. We found in all such cases, for both
hybrid and Hall-less hybrid, that once fast reconnection
proceeds, the change in resistive scale length has no major
effect on the subsequent evolution of the system. This is
different than in MHD where the reconnection regime can
change by changing the extent of the resistive region.

2.2. Hall-less Hybrid Code

[12] In order to assess the relative importance of the Hall
term (i.e., the J � B term in Faraday’s law) compared with
kinetic effects, we have devised a scheme to take out the
Hall term in the hybrid code. The procedure is somewhat
similar to the way one would remove the Hall term in a Hall
MHD code. Our starting point is Ohm’s law:

E ¼ �Ve � B=cþ hJ�rPe=ene: ð1Þ

Rewriting this equation in terms of ion velocity moment, we
obtain

E ¼ �Vi � B=cþ J� B=enecþ hJ�rPe=ene: ð2Þ

In the hybrid code this electric field is used to (1) advance
the magnetic field using Faraday’s law,

@B

@t
¼ �cr� E; ð3Þ

and (2) to advance the ions. For simplicity, let us ignore hJ
and rPe in equation (2) for the moment. Then the electric
field is given by

E ¼ �Vi � B=cþ J� B=enec: ð4Þ

It may at first appear that eliminating the Hall effect from the
hybrid algorithm is tantamount to neglecting J � B in
equation (4). However, this would violate the momentum

Figure 1. Schematic of the region of localized resistivity
in the hybrid simulations. See color version of this figure in
the HTML.
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equation. This can be seen by examining the ion momentum
equation (we have neglected the pressure term for simplicity):

mi

@Vi

@t
þ Vi � rVi

� �
¼ eni Eþ Vi � B=cð Þ: ð5Þ

Now ignoring the Hall term in equation (4) and inserting the
equation for the resulting electric field into equation (5), we
see that the right-hand side of equation (5) would be
identically zero. In other words, there can be no force exerted
on the ions. This problem arises because the J� B/enic force
is not the same as the Hall term and has to be included in the
ion momentum equation. However, the Hall term can be
eliminated in Faraday’s law, which is used to advance the
magnetic field. The magnetic field is time-advanced using
equation (3) with E = �Vi � B/c (in the code there are
resistivity and pressure terms that are included but we have
ignored them here for simplicity). Thus the Hall term is
removed from ther� E term but not from the calculation of

E. This is howwe proceedwhen removing theHall term in the
hybrid code. Consequently, the momentum equation is
properly satisfied, while the Hall term is removed from the
source terms of the magnetic field calculation only.
[13] To illustrate the consequence of removing the Hall

term in hybrid simulations, we present the dispersion
relation of the wave modes for both cases in Figure 2.
The graphs were obtained by Fourier-transforming pertur-
bations in the major in-plane magnetic field component,
using 2-D periodic simulations with a cell size of 0.1 c/wpi, a
time step of 0.005 Wci

�1, 200 by 200 cells, run for 2000 time
steps with a predictor-corrector algorithm, and 4 times
substepping of the magnetic field. The simulations were
seeded with 4% white noise magnetic perturbations at t = 0,
satisfying r � B = 0. The evaluation is at 20	 of propagation
with respect to the background magnetic field, at an ion beta
of 0.5 (be = 0.05). The wave power is plotted in arbitrary
units (note the difference in frequency scale in the two
panels). The conventional hybrid code (top) exhibits the
characteristic whistler dispersion, while the Hall-less case
(bottom) is nondispersive with a phase speed Vph � VA. We
also find that the Hall-less case is typically ‘‘noisier’’ than
the regular hybrid code when run with the same number of
particles per cell. The GEM challenge study found that the
Hall term is the minimum physics required for fast recon-
nection and explained this in terms of the quadratic nature
of the whistler dispersion [Birn et al., 2001; Shay et al.,
2001]. In the Hall-less hybrid case, however, the whistler
mode is nondispersive (Figure 2), and thus one may
conclude that fast reconnection may not be possible. How-
ever, as we will demonstrate shortly, not only fast recon-
nection is possible in the Hall-less case but details regarding
the evolution of the system as a function of the diffusion
region and the stability of the reconnection regimes remain
similar to the full hybrid case.
[14] We emphasize that the applicability of the Hall-less

hybrid code is not dependent on the relative contribution of
ions and electrons to the initial current. We have used our
Hall-less hybrid code for both cases where ions and elec-
trons dominate the current, respectively. The important
point is whether in the subsequent nonlinear evolution of
the system the Hall term plays a dominant role over kinetic
effects. The Hall-less hybrid code should be viewed as a
tool for deciphering the relative role of Hall and kinetic
effects in a process of interest.

2.3. Hall MHD Code

[15] The Hall magnetohydrodynamics (MHD) equations
are given by

@r
@t

þr � rV ¼ 0 ð6Þ

@rV
@t

þr � rVVþ P þ B2=8p
� �

I� BB=4p
h i

¼ 0 ð7Þ

@B

@t
¼ �cr� E ¼ r� V� J=neð Þ � B; ð8Þ

where I is the unit dyad and P = nTwhere T is constant. We
use the recently developed 3-D Hall MHD code VooDoo

Figure 2. Whistler mode in conventional hybrid code
versus Hall-less hybrid simulations, at 20	 of propagation
with respect to background magnetic field. The hybrid
simulations exhibit the characteristic whistler dispersion,
while the phase speed is nondisperive with Vph � VA in the
Hall-less case. Note difference in frequency scale; wave
power units are arbitrary. See color version of this figure in
the HTML.
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[Huba, 2003]. VooDoo is a high-order, finite-volume code
that uses a distribution function scheme to calculate the
fluxes of mass, momentum, and energy at cell interfaces, as
well as the convective electric field [Huba and Lyon, 1999].
The Hall electric field is updated based on an upwind
scheme using high-order magnetic field values and is
subcycled on the ideal MHD time scale. This scheme
substantially decreases the computation time by separating
the Alfvén and whistler time scales. The partial donor cell
method is used to limit fluxes at sharp discontinuities [Hain,
1987]. The code uses an eighth-order spatial interpolation
scheme and a second-order temporal scheme.
[16] The conditions for the 3-D simulation study are as

follows. Periodic boundary conditions are used in the y
direction and zero-gradient boundary conditions are used in
the x and z directions (@/@x = 0 and @/@z = 0). The spatial
scales are normalized to the the ion inertial length (c/wpi0),
the time scale to the ion gyrofrequency (Wci0), and the
velocity to the Alfvén velocity (VA0) using n = n0 and B =
B0. The equilibrium magnetic field is given by By(x) = B0

tanh (x/xL) with xL = 0.5. The temperature is defined to be
Cs = VA0, where Cs = (2T/mi)

1/2. The density profile is
determined by balancing the plasma and magnetic field
pressures. The maximum density is n = n0 at x = 0 and is n =
0.2n0 for jxj > xL. The size of the simulation box is Lx =
12.5, Ly = 26, and Lz = 104. The simulations are initialized
with a magnetic perturbation

dBx ¼ dBcos px=Lxð Þsin 2py=Ly
� �

F zð Þ ð9Þ

dBy ¼ dB=2ð Þ Ly=Lx
� �

sin px=Lxð Þcos py=Ly
� �

F zð Þ; ð10Þ

where F(z) = 1 for �26.8 < z < 20.4 and F(z) = 0 otherwise.
We take dB = 0.02B0. The mesh size is 50 � 50 � 50. A
nonuniform stretched mesh is used in the y-direction so that
there are roughly 25 grid points within the current layer. The
simulations are run to time t ’ 46 Wci

�1. Although there are
some differences in the initial setup of the Hall and hybrid
simulations, we have verified that such differences are not
important in the issues that we are considering here. For
example, we initialize the Hall MHD simulations by
imposing a perturbation, whereas in the hybrid simulations
we impose a localized resistivity to start the reconnection
process. In both cases, the longer time evolution of the
system beyond the initial transitory phase is insensitive to
the actual method of initialization.

3. Simulation Results

3.1. Scaling With System Size

[17] In order to establish the possible role of system size
on magnetic reconnection, we performed three 2-D hybrid
simulations for system sizes Ly = 50, 100, and 150 c/wpi

along the outflow direction (i.e., y-direction); all other
parameters were the same. The resistivity is h = 4 � 10�4

4p/wpi within a rectangular region hx = 1 c/wpi and hy =
10 c/wpi and zero elsewhere. Figure 3 shows the contours of
the vector potential Az for these runs at three different times.
The time evolution of the system is seen to be independent
of the length of the simulation box in the y-direction. At
early times, the reconnection is of the Sweet-Parker type in

all three cases. However, this configuration is not stable, as
a magnetic island is seen to form due to the tearing
instability, as shown in the middle panels. This island grows
in time and, in the case of Ly = 50, fills the length of the
simulation box. There are minor differences in how fast this
island grows between the three cases, but the overall
stability and structure of the reconnection layer are seen
to be independent of the system size.
[18] In MHD there is no intrinsic scale, and thus recon-

nection regimes can be classified based on the size of the
diffusion region compared with the system size or equiva-
lently the length of the reconnection layer. In a kinetic
plasma, however, there exist various physical scales, and
ion dynamics limits and controls the rate of reconnection.
Thus it is not surprising that as long as the system size is
much longer than the ion inertial length c/wpi, the details of
reconnection become independent of the system size. This
is in agreement with the results of Shay et al. [1999, 2004]
that showed that reconnection remains Alfvénic in a colli-
sionless plasma even when the macroscopic scale length of
the system becomes large, with a reconnection rate that is
independent of the system size. They showed that the
whistler induced electric field accelerates the ions to the
Alfvén velocity over a spatial scale of the order 10 c/wpi

along the outflow direction. This illustrates the existence of
a physical spatial scale in the reconnection process, and thus
the details of reconnection become insensitive to the size
of the system as long as Ly is sufficiently large compared
with the ion inertial length.

3.2. Dependencies on the Size of Diffusion Region Hy

in the Outflow Direction

[19] We saw that for the particular choice of hx and hy in
Figure 3, a Sweet-Parker type of reconnection formed at
early times but it soon evolved into a time-dependent
configuration. Here we explore the role of hy in the
formation of various reconnection regimes. To this end,
we have made several runs with hy ranging from 2 to
20 c/wpi. Our choice for the range in the size of diffusion
region considered here as measured by hx and hy is based on
three considerations. First, there exists a physical upper
bound on the size of the diffusion region in any system. In
the case of magnetopause and the magnetotail, the diffusion
region is much smaller than the upper bound considered
here. Second, PIC simulations suggest a diffusion region
much less than 20 c/wpi [Pritchett, 2001], and third, it is
hard to envision how the microphysics of reconnection
would yield a very uniform and broad region of ‘‘resistiv-
ity’’ extending to many tens or hundreds of ion inertial
lengths. Accordingly, we have considered a range of param-
eters which seem most likely to occur in a real plasma.
[20] We show in Figure 4 a contour plot of Az from four

2-D hybrid simulations which illustrate the major points of
this parameter study. The first two simulations use a box-
shaped resistivity with hy = 2 c/wpi and 6 c/wpi, respectively,
and the other two simulations use the same hx and hy but use
the ‘‘cosh shaped’’ resistivity profile. We use hx = 1 c/wpi in
all four simulations. Several conclusions can be immediately
drawn from Figure 4. First, the Sweet-Parker segment of the
reconnection rapidly develops into a single x-line Petschek
regime for the case with a box-shaped resistivity and hy =
2 c/wpi, whereas the case with hy = 6 c/wpi becomes time-

A09205 KARIMABADI ET AL.: LOCALIZED RESISTIVITY RECONNECTION SIMULATIONS

5 of 21

A09205



dependent. The transition point between these two distinct
solution is at hy � 4 c/wpi. This result differs from MHD
reconnection studies [Scholer, 1989; Yan et al., 1992; Shay
et al., 1999; Biskamp and Schwarz, 2001]. In MHD, Sweet-
Parker reconnection is a stable configuration which will be
attained when the resistivity scale length is large and
comparable to the length of the reconnection layer. In the
kinetic regime, the Sweet-Parker reconnection is not a
steady state solution and eventually becomes unstable.
Second, the reconnection appears to be Petschek-like,
independent of the value for hy when we use a cosh profile
for the resistivity (e.g., see the two panels on the far right of
the figure). The use of the cosh profile leads to a resistivity
profile that can be thought of as a superposition of a box-
shaped (uniform within a rectangular domain) resistivity
and a spatially varying resistivity. This has the effect of
having a small hy which then leads to a Petschek regime.
However, it is conceivable that in cases when the resistivity

h is very weak, the use of the cosh profile may give results
more similar to the box-shaped resistivity cases.

3.3. Dependencies on the Size of Diffusion Region Hx

in the Inflow Direction

[21] Previous studies based on MHD have typically
considered a diffusion region that has the same spatial
extent both in the inflow and outflow regions of reconnec-
tion. Here we examine the changes in the reconnection in
the kinetic regime as a result of varying hx. The first two
columns in Figure 5 shows the contour plots of Az at three
different times for hx = 1 c/wpi and 10 c/wpi. Note that the
snapshots of the contour plots shown correspond to different
times between the two cases. The first case (the three
leftmost panels) is similar to what we have already observed
in Figures 3 and 4, namely a Sweet-Parker regime that
becomes unstable in time and the formation of a magnetic
island. However, in the case where hx = 10 c/wpi, the Sweet-

Figure 3. Two-dimensional (2-D) hybrid simulations. Contour plots of the vector potential Az for three
runs differing only in the size of the box in the y-direction. See color version of this figure in the HTML.
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Parker regime is maintained over a much longer time
compared with the hx = 1 c/wpi case, and rather than form
a magnetic island, it transitions to a Petschek-like configu-
ration. The three panels on the far right of Figure 3 show the
results for the case where hx = 10 c/wpi, and hy = 1 c/wpi. In
this case the reconnection proceeds quickly to the Petschek
regime. Thus the size of hy determines the extent of the
Sweet-Parker current sheet, whereas the details of the time
evolution and whether a steady state is possible in each case
are controlled by a combination of both hx and hy.

3.4. Effect of Hall Term on the Reconnection Regimes

[22] The Hall term has long been thought to play a
significant role in magnetic reconnection [Sonnerup, 1979;
Terasawa, 1983; Mandt et al., 1994]. In this section we
explore the possibility of whether the absence of the Hall
term in MHD may be the prime factor in giving rise to the
differences seen between MHD simulations and our kinetic
simulations. To this end, we have performed Hall-less
hybrid simulations and compared the results with the full
hybrid code. The results of the Hall-less simulations are
described here. Figure 6 shows contours of Az at two
different times from three different hybrid simulations. In
all three cases, hx = 1 c/wpi, hy = 20 c/wpi, and the resistivity
has a box shape except the panels in the last column which
have a resistivity with a cosh profile. Comparing the usual
hybrid simulation (first column) with the Hall-less result
(middle column), we find that the absence of the Hall term
allows the Sweet-Parker phase of reconnection to remain
stable to longer times (Wcit = 25 rather than Wcit = 4), but it
eventually becomes unstable as in the original case with the

Hall term. Thus the fact that in the kinetic regime the Sweet-
Parker regime is unstable whereas in MHD it is stable is not
entirely due to the Hall term. The panels in the last column
are to be compared with the two panels in the first column.
The results shown in these two columns are based on the
standard hybrid code, which includes the Hall term, but
the former has a cosh profile for resistivity. In contrast to the
box shape case, the cosh profile results in a Petschek
regime, with the diffusion region confined to a small region
close to where h has its peak. This peak region acts like a
source of enhanced resistivity, allowing reconnection to
develop into Petschek regime.
[23] We have also performed a series of runs, shown in

Figure 7, where we start the simulation with a small
localized resistivity (hx = 1 c/wpi, hy = 1 c/wpi) and then
change hy to Ly/2 at Wcit = 20. Figures 7a and 7b show the
field lines right before hy is changed and at the end of the
run after hy was increased. Figure 7c shows the field lines
for the case where hy was kept constant throughout the run.
The corresponding runs with the Hall term switched off in
the hybrid code are shown in Figures 7d–7f. From Figure 7
we can draw two conclusions. First, reconnection proceeds
slower and Petschek structure takes longer to develop in the
Hall-less case. This is quantified in Figure 8, which shows
the growth rates of the tearing mode (combined power in
modes 1–5) in the simulations shown in Figures 7a (hybrid)
and 7d (Hall-less hybrid). Although the initial configura-
tions are identical in these two runs, the growth rate is seen
to be over a factor of 2 slower in the Hall-less hybrid case.
Second, after the Petschek reconnection has developed,
extending the resistive region by increasing hy neither takes

Figure 4. The 2-D hybrid simulations. Contour plots of the vector potential Az for box shaped and cosh
profile of resistivity at two different resistivity scale lengths in the y-direction of hy = 2 and 6 c/wpi. hx =
1 c/wpi in all cases. Reconnection reaches steady-state for cosh profile cases, whereas it becomes time
dependent for box shaped resistivity profiles if hy 3 c/wpi. See color version of this figure in the HTML.
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the system to Sweet-Parker regime nor does it make the
system unstable. This is in contrast to MHD. For instance,
Yan et al. [1992] found that modifying the resistivity from
localized to uniform after some time destroys the Petschek
structure and only a long current sheet is left, which in turn
becomes unstable to the tearing mode. Another interesting
result can be seen when we compare the results of the two
cases where we modified the resistivity profile during the
run, one with Hall term and one without, with the
corresponding runs with a time stationary resistivity profile
(the bottom panels in Figure 7). Apparently, modifying the

resistivity profile after Petschek reconnection has been
established does little to change the reconnection structure.
The only notable difference between the bottom panels and
the middle panels is that the maintenance of a small hy
results in a somewhat smaller diffusion region where the
x-line has formed.

3.5. Fast Reconnection Due to Ion Kinetics

[24] Reconnection rate is a useful means of quantifying
the efficiency of the reconnection process, and there are
various definitions of it in the literature. A detailed study of

Figure 5. The 2-D hybrid simulations. Time evolution of the contour plots of the vector potential Az for
box-shaped resistivity profiles having (hx, hy) of (1, 10), (10, 10), and (10, 1), respectively. See color
version of this figure in the HTML.
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reconnection rate will be addressed elsewhere. Here we are
only interested in determining whether it is possible to have
fast reconnection due to ion kinetics alone if we remove the
Hall term. Let us consider the evolution of a current sheet
from the onset of reconnection to its final steady state
configuration. The initial phase is dominated by electron
physics where the frozen-in condition is broken. The second
phase involves the growth of the island or islands to ion
scales, followed by the final phase where the system reaches
steady state. The evolution time of the system from onset to
steady state is highly dependent on the initial configuration
(e.g., current sheet thickness), and the instantaneous value
of the reconnection rate will vary in time until steady state is
reached. In GEM challenge [Birn et al., 2001; Kuznetsova et
al., 2001], the initial linear growth phase was bypassed by
imposing a rather large external perturbation, and the
reconnection rate was calculated and compared based on
MHD, Hall MHD, hybrid, and full particle simulations.
Since periodic simulations (in the direction along the initial
magnetic field) were used, only the time-dependent recon-
nection rate in the second phase of the current sheet stated
above could be calculated [Kuznetsova et al., 2001]. In a
periodic simulation the outflow jets that reach the boundary
will start to come into the simulation on the opposite side.
Implementation of outflow boundary condition is required
to allow the system to reach steady state. In GEM challenge
studies it was found that reconnection rate is insensitive to

the details of how the frozen-in condition is broken and
found similar rates in Hall MHD, hybrid, and full particle
simulations but found much lower reconnection rate in
MHD. Fast reconnection and its absence in MHD was
explained in terms of the quadratic dispersion property of
whistlers (higher phase speed at smaller spatial scales).
[25] Here we take a different approach and use simula-

tions with inflow-outflow boundary conditions to compare
the asymptotic value of the reconnection rate between the
hybrid and Hall-less hybrid simulations. Since whistlers are
dispersionless in the Hall-less hybrid case (e.g., Figure 2),
we can also test the connection between whistler dispersion
and fast reconnection as suggested by GEM challenge
studies. To this end, we performed two 2-D simulations,
one hybrid and one Hall-less hybrid, with identical initial
conditions and ran them till they reached steady state. These
simulations are 30 � 40 c/wpi large, with a cell size of
0.5 c/wpi, and 2400 particles per cell. Resistivity is set using
the cosh�1 model, with a half-width of 1 c/wpi. It took
�20–25 Wci

�1 for both the hybrid and Hall-less hybrid runs
to reach steady state. In this multicomponent plasma (equi-
librium and background ions), steady state can be identified
best in the outflow Bx, which starts to develop a plateau
following the initial outflow plasmoid. On the other hand,
other quantities such as the outflow speed may accelerate at
late times, when most of the initial equilibrium ions have
left the system. Since whistlers are dispersionless in the

Figure 6. The 2-D hybrid simulations. Time evolution of the contour plots of the vector potential Az for
(a) box-shaped resistivity profile with hx = 1 c/wpi, hy = 20 c/wpi, (b) same as Figure 6a but with the Hall
term removed in the hybrid code, (c) same as Figure 6a but with a cosh resistivity profile. See color
version of this figure in the HTML.
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Hall-less hybrid case (Figure 2), one may expect the recon-
nection rate to be much lower than in the hybrid case. We
used the value of VyBx (outflow), normalized to VA0B0, a
reasonable distance away from the diffusion region as the
measure of the asymptotic reconnection rate. Here, VA0 and
B0 are the Alfvén velocity and magnetic field strength in the
upstream region. For the hybrid run, we find VxBy (inflow) =
0.15 � VyBx (outflow) = 0.17, with Vx = 0.15, By = 1.0, Vy =
0.5, and Bx = 0.34. For the Hall-less hybrid we find VxBy

(inflow) = 0.15� VyBx (outflow) = 0.16, with Vx = 0.15, By =
1.0, Vy = 0.5, and Bx = 0.32 (all in normalized simulation
units). In GEM challenge study, Kuznetsova et al. [2001]
found a peak reconnection electric field of �0.25, which
lasted for a brief time before dropping to�0.15 by the end of
their run. This is in good agreement with the asymptotic
value of �0.15 found here.
[26] A detailed study of reconnection rate and its potential

dependencies on initial configuration and choice of param-
eters will be addressed elsewhere. Thus our point of
emphasis here is not on the actual value of the reconnection
rate, which may or may not depend on the initial configu-
ration and choice of parameters. Rather our goal was to
determine whether there would be a significant difference in
the reconnection rate between the hybrid and the Hall-less
hybrid simulations. Our find that the reconnection rate is
comparable in the hybrid and Hall-less hybrid simulations
demonstrates two very important points: (1) ion kinetics
alone can give rise to fast reconnection and (2) quadratic
property of whistlers is not critical to fast reconnection in
the kinetic regime.

3.6. Three-Dimensional Effects

3.6.1. Effect of Hz

[27] In this section we consider the changes in the
reconnection regime when the width of the area with finite
resistivity is varied in the third direction hz. Unless other-
wise mentioned, we use our standard cosh functional
format, with the resistivity thus falling off quickly away
from the center of the simulation domain. We will also show
examples with the box shape resistivity. At first, we fix hx =
hy = 1 c/wpi and take hz = 0.25, 1, and 4 c/wpi, with the
addition of a case with uniform resistivity along z. We use
h = 5 � 10�5 in these runs, which translates to a diffusion
length of 0.1 to 1 c/wpi (using a characteristic velocity of
1.0 VA to 0.1 VA). As we show below, such a small value on
the other hand leads to fairly slow reconnection rates. For
comparison, we ran the two cases with the thinnest width hz
also with four times the above standard value of h.
[28] The expectation is that reconnection becomes slower

and eventually ceases when the width of finite resistivity
becomes too small in z, with the natural length scale being
the ion inertial length. It is for this reason that we have
chosen a cell size of 0.25 c/wpi, which is somewhat small
compared with typical 3-D hybrid simulation runs, so we
can resolve dependencies in the vicinity of and just below
the ion inertial length. Note that a cell size of 1 c/wpi

resolves waves with a wave number of ck/wpi � 3, which
is often sufficient because of strong damping of modes with
k ^ c/wpi.
[29] Table 1 shows the results for all of our cases in terms

of the strength of the maximum reconnection fields Bx and
Bz, as well as the reconnection flow Vy, at Wcit = 20.

Figure 7. The 2-D hybrid simulations. Time evolution of
the contour plots of the vector potential Az: (a) box-shaped
resistivity profile with hx = 1 c/wpi, hy = 1, c/wpi, (b) hy was
changed to 25 c/wpi at Wcit = 20, (c) hy was kept fixed at
1 c/wpi, (d) – (f ) equivalent runs corresponding to
Figures 7a–7d but with the Hall term removed from the
hybrid code. See color version of this figure in the HTML.
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Typically, the values only change by about or less than 15%
at twice this time (see also Figure 11 below for the temporal
evolution), so it is appropriate and justified to concentrate
on the early time development for our purposes. Clearly, the
largest reconnection values are achieved when reconnection
is pseudo 2-D, i.e., when the resistive width in z is infinite
as far as the simulation is concerned. Even in the case hz =
4.0 c/wpi, reconnection is much less efficient than in the
pseudo 2-D case. All values in Table 1 are slowly varying
functions of hz, indicating that while c/wpi is the character-
istic scale where reconnection diminishes, there is no magic
number at which reconnection ceases abruptly. Also, it
comes as no surprise that the diffusion length scale needs
to be comparable to or smaller than the ion inertial length in
order to resolve this dependence on hz (see results for h =
2 � 10�5 in Table 1).
[30] Figure 9 shows an x � z cross section of the

reconnected field Bx in three simulation cases with hz =
0.25 c/wpi, 1.0 c/wpi, and 4.0 c/wpi, respectively, at 20 Wci

�1.
The cut is taken 3 c/wpi away from the center. Note that
the scales are different in each case. As expected, recon-
nection falls off rapidly away from z = 0. Not only is the
area in z over which reconnection takes place different in
each case, scaling with hz, but reconnection also becomes
increasingly difficult for small hz of the order of or smaller
than c/wpi.
[31] Sensitivity of the reconnection process to the width

in the z-direction has also been pointed out in MHD
simulations [Ugai, 1999] and in a recent Hall-MHD study
[Yokokawa et al., 2001]. However, Yokokawa et al. [2001]
concentrate on field-aligned current patterns and the scaling
with the current layer thickness, also in a somewhat
different region of parameter space, so the results are not
directly comparable. Here, our main finding is that while
reconnection becomes increasingly inefficient for small hz
of the order of or smaller than c/wpi, this is a gradual
transition that starts at hz 
 1 c/wpi and has no sharp
threshold at hz = 1 c/wpi.

3.6.2. Asymmetric Reconnection
[32] In this section,we explore the effects arising in 3-D.

As we demonstrate, both Hall MHD and hybrid simulations
reveal asymmetries in the z-direction but a closer examina-
tion reveals marked differences in the origin and properties
of these asymmetries.
3.6.2.1. 3-D Hall MHD
[33] The results of our Hall MHD simulation [Huba and

Rudakov, 2002] are shown in Figure 10. We show greyscale
contours of the plasma density and velocity vectors as a
function of space (xz plane at x = 0) at times t = 1.3, 14.3,
28.7, and 43.1. The ‘‘white’’ contour corresponds to a high
density, while the ‘‘black’’ contour corresponds to a low
density. The velocity vectors are ‘‘wind flags’’ where the
small diamond is at the base of the vector. Three observa-
tions are made. First, although the initial perturbation width
is Dz ’ 6, the reconnection layer extends a distance of Dz ’
70 at t = 43.1. Second, the reconnection site propagates
asymmetrically; it only propagates in the �z direction from
its initial position at z � �22. The disturbance does not
propagate into the region z < �30. And third, as the
reconnection wave propagates in the +z direction, plasma
flows are directed not only toward the neutral line but also
in the direction of the current (i.e., the +z direction) at the
front of the wave; this is evident at time t = 43.1 near z ’ 40
and x ’ 0.5. After the reconnection wave has passed
through the system, the resulting flow pattern away from
the neutral line is similar to the 2-D case, i.e., plasma flows
are only directed toward the neutral line at x = 0. This is
shown at time t = 43.1 in the region �10 < z < 20. However,
at the neutral line (x ’ 0 and y ’ 0) there are strong flows in
the �z direction.
[34] The Hall term introduces new wave modes in the

system, e.g., whistler waves and Hall drift waves. We now
derive the dispersion equation for these wave modes and
discuss them. We assume that the equilibrium magnetic
field is B = B0(x) ey and the plasma density is inhomoge-
neous in the x-direction n = n0(x). The equilibrium state is
n(Ti + Te) + B2/8p = const. We further assume in this section
that the plasma is isothermal Te = const and Ti = const. For
simplicity we consider the collisionless EMHD limit (h = 0
and V = 0) so that the current is maintained by the electron
drift in the �z-direction due to the Hall electric field Ex =
(1/en)d(nTi)/dx.
[35] In order to understand the asymmetric propagation of

the reconnection line, we solve Faraday’s Law to obtain the
Hall MHD wave modes. The magnetic field is perturbed

Figure 8. Growth rate of the tearing mode (combined
power in modes 1–5) for the simulations shown in
Figures 7a (hybrid) and 7d (Hall-less hybrid).

Table 1. Strength of the Maximum Reconnection Fields Bx and Bz

As Well As the Reconnection Flow Vy, at 20 wci
�1, For Four

Different Values of the Width hz of Finite Resistivity in z, and For

Two Values of the Maximum Resistivitya

h
hz = 0.25

c/wpi

hz = 1.0
c/wpi

hz = 4.0
c/wpi hz = 1

jBx/B0j 0.10 0.16 0.18 0.45
0.5 � 10�5 jBz/B0j 0.06 0.12 0.15 0.40

jVy/VAj 0.10 0.15 0.20 0.70
jBx/B0j 0.22 0.25

2.0 � 10�5 jBz/B0j 0.18 0.20
jVy/VAj 0.20 0.30

aNormalization is with respect to the asymptotic magnetic field B0 and
the Alfvén velocity VA based on that and the current sheet center density.
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with dB / exp(ikyy + ikzz � iwt), and we assume the local
approximation @dB/@x � kdB. The dispersion equation is

w� kzVnð Þ w� kzVBð Þ ¼ k2y V
2
A c2k2=w2

pi

� �
; ð11Þ

where k = (ky
2 + kz

2)1/2, VA = B0/(4pr)
1/2 and

Vn ¼
cB0

4pen
1

n

@n

@x
VB ¼ c

4pen
@B0

@x
:

[36] In the homogeneous limit (@/@x = 0) the whistler
wave is obtained: w = ±kyVA(ck/wpi). However, in the
inhomogeneous limit, two waves with different phase
velocities develop. In the limit kyL � 1, where L is the
scale length of the plasma or field inhomogeneity, the wave
modes are

w1 ¼ kzVn and w2 ¼ kzVB: ð12Þ

Because the density and magnetic field gradients are in
opposite directions in the current layer, these drift modes
propagate in opposite directions. We refer to the first
solution w = kzVn as the Hall drift wave; it corresponds
primarily to the perturbation of the By component and
propagates in the B � rn direction. A detailed
theoretical and numerical treatment of this mode was
presented by Huba [1991]. The second wave w = kzVB

propagates at the electron drift velocity and is associated
with curvature of the magnetic field. Moreover, it
regulates the evolution of magnetic field line reconnection
in three dimensions and we refer to this wave mode as a
reconnection wave [Huba and Rudakov, 2002]. It is
important to recognize that the electrons carry the current
in this analysis, since the ions are immobile. This is the
situation for very thin current layers (i.e., L � c/wpi). It
is possible that if there are sufficiently strong ion flows
present in the direction of the current, then the wave
propagation direction could change [Shay et al., 2003]. In
fact, we show that ion dynamics can lead to different
results for thicker layers when the ions carry the current
as shown in the next section.
3.6.2.2. 3-D Hybrid Simulation Results
[37] We examine the details of 3-D reconnection for the

case when the half-width of the area with resistivity is
fixed at 1 c/wpi in all directions with a cosh profile. The
value of the maximum resistivity is h = 5 � 10�5 in
simulation units. Reconnection in 3-D is asymmetric in
the z-direction in hybrid simulations [Krauss-Varban and

Figure 9. The x � z cross section of the reconnected field
Bx in three cases with hz = 0.25 c/wpi, 1.0 c/wpi, and
4.0 c/wpi, respectively, from top to bottom. Cut taken 3 c/wpi

away from the center. Note scales are different in each case.
See color version of this figure in the HTML.

Figure 10. Contour plots of the plasma density and
velocity vectors at times t = 1.3, 14.3, 28.7, 43.1, using the
3-D Hall MHD code VooDoo. See color version of this
figure in the HTML.
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Karimabadi, 2003] but in a different way than the Hall
MHD results described above. When the ions carry a
significant fraction of the current, the 3-D reconnection
configuration is heavily affected by the motion/momentum
of the current-carrying ions [Krauss-Varban et al., 1999a].
Details of this depend sensitively on a number of param-
eters, such as the reconnection rate, hz, and the beta of
the uniform background ions. The flow of the current-
carrying ions in the z-direction means that reconnection
signatures, such as Vy and the density enhancement n/n0,
are carried to larger z away from the reconnection
(simulation) center. We concentrate here on the behavior
at early times. Figure 11 shows these two quantities in
the y � z midplane cross section at 20 Wci

�1. It is quite
apparent that the reconnected plasma drifts to larger z,
creating a strong asymmetry.
[38] The motion of the ions through the finite-size

reconnection region also affects where reconnection can
take place. Thus when the diffusion region is comparable
to or larger than an inertial length, the reconnection
magnetic field tends to show an asymmetry with larger
reconnection signatures at larger z (see Figure 6). In
addition, the z-component of the magnetic field attains a
much more complicated, asymmetric pattern. This is
demonstrated in Figure 12, which shows five x � y cross

sections of Bz at various distances away from the simula-
tion center, as indicated. Clearly, the strongest reconnec-
tion signature in Bz is a few c/wpi away from the center
(�2.5 c/wpi, in this case). In addition, immediately on the
upstream side of z = 0, the internal quadrupole signature is
reversed compared with the traditional signature at larger
z, which is closer to the behavior in 2-D. This reversed
signature is also seen in 2-D, often at early times, and
inside the region with traditional sign [Karimabadi et al.,
2004].

Figure 11. Normalized outflow velocity Vy and density n
in y � z midplane cross section at t = 20 Wci

�1. The results
show that the reconnection signatures are transported
downstream (to larger z) with the flow of the current-
carrying ions. See color version of this figure in the HTML.

Figure 12. Magnetic field component Bz in 3-D hybrid
simulations at five cross sections in the x � y plane, as
indicated. Bz is largest a few ion inertial lengths downstream
of the diffusion region center. See color version of this
figure in the HTML.
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[39] As we showed in Figure 10, an asymmetric proceed-
ing of reconnection also occurs in the 3-D Hall-MHD
simulations [see also Huba and Rudakov, 2002]. Similar
to our setup in the hybrid simulation, reconnection is started
in a finite-sized region along z. However, different from the
hybrid simulations, reconnection in Hall-MHD can in
principle proceed everywhere and is not limited to a region
of finite resistivity. In such Hall-MHD simulations,
enhanced reconnection initially propagates as a wave front
in the direction opposite to the current. This asymmetry is
due to a Hall wave driven by the magnetic field line
curvature. This result most closely matches our case with
the thinnest region of resistivity hz, where indeed reconnec-
tion is suppressed on the downstream side (with respect to
the ion motion) but expands quickly upstream until it
reaches the edge of the region with finite resistivity.
However, our results show that in the kinetic case, recon-
nection proceeds differently when hz is comparable to or

larger than the ion inertial length and when the current is
largely carried by the ions. In that case it is the downstream
side that has enhanced reconnection (see Figure 9, bottom
panel, and Figure 11).
[40] To further illustrate this point, we show in Figure 13

the temporal evolution of the reconnected magnetic field Bx

for the case hx = hy = 4.0 c/wpi, hz = 1.0 c/wpi, and h = 5 �
10�5. For clarity, a box profile is used in the z-direction.
Signatures are shown 3.0 c/wpi along y away from the center.
Apart from a small asymmetry, reconnection quickly pro-
ceeds on both sides (positive and negative z-direction) and
fills out the available area of finite resistivity. Next, in
Figure 14 we show an identical case, except here we
widened the area of finite resistivity along z to hz =
4.0 c/wpi at time 10 Wci

�1. The evolution of Bx is shown at
three consecutive times in intervals of 2 Wci

�1. Again, it is
evident that reconnection quickly and homogeneously starts
on both sides, with and against the current. There is no

Figure 13. Evolution of the reconnection magnetic field
Bx in 3-D hybrid simulations at three different times, as
indicated. Results for a box profile of resistivity in the
z-direction, with hz = 1.0 c/wpi and h = 5 � 10�5.
Reconnection quickly fills out the region with finite
resistivity on both sides away from the center (along z).
See color version of this figure in the HTML.

Figure 14. Evolution of the reconnection magnetic field
Bx in 3-D hybrid simulations at three different times,
as indicated, similar to Figure 13. Here, hz is widened to
4.0 c/wpi at time t = 10Wci

�1. Again, reconnection quickly fills
out the region with finite resistivity on both sides away from
the center and does not propagate as a wave front against the
current. See color version of this figure in the HTML.
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evidence that it propagates as a wave front in either direction.
As in our other hybrid simulations with sufficient width hz,
eventually, reconnection signatures are stronger on the
downstream side.
3.6.2.3. 3-D Hall-less Hybrid Simulations
[41] For completeness we examine the above-

documented asymmetry of there connection signatures when
the Hall term is removed from the hybrid simulations. Similar
to Figure 9, Figure 15 shows the x � z cross section of the
reconnected field Bx for hz = 4.0 c/wpi (h = 2 � 10�4c/wpi) in
Hall-less 3-D hybrid simulations at three different times, as
indicated. The cuts are taken 3 c/wpi in y away from the center.
As in the regular hybrid simulations displayed in Figure 9, the
ion flow enhances the reconnection signatures on the down-
stream side if the diffusion region is sufficiently wide in z.

Thus as expected, this effect does not require the Hall term;
instead, it is a consequence of the momentum associated with
the current-carrying ions. Note that at late times, the asym-
metry may be more pronounced at larger y-distances away
from the center (cf. Figure 11) than at the 3 c/wpi depicted
here.
3.6.2.4. Reconnection Geometry in 3-D:
Hybrid Simulations
[42] Finally, we remark on the question of reconnection

geometry in three dimensions. In section 3.2 we demon-
strated that in 2-D hybrid simulations, a relatively large hy
does not maintain a Sweet-Parker reconnection geometry.
Instead, the configuration becomes unstable and appears to
tend toward Petschek reconnection over time. Here, we
discuss results from similar simulations in 3-D. The runs are
slightly larger than our typical simulations above, with 100
by 200 by 100 cells, a cell size of 0.5 c/wpi, and �60 million
particles total. When we use a box profile with narrow
extent in z (hx = 1.0 c/wpi, hy = 10.0 c/wpi, hz = 2.0 c/wpi, and
h = 4 � 10�4), reconnection becomes unsteady at �20 Wci

�1,
with temporary X-points forming along y. However, over the
time of the simulation (40 Wci

�1), the reconnection geometry
simply remains unsteady but does not evolve from there.
Comparing to the 2-D results, the question arises whether a
reasonably fast evolution towards the Petschek configura-
tion requires a sufficient extent of the diffusion region in z.
[43] In fact for the extreme case, i.e., homogeneous

resistivity along z and periodic in z (infinite diffusion region
extent in z), we find that the reconnection configuration
indeed becomes unstable and reverts to Petschek reconnec-
tion in about 50 Wci

�1, comparable to our 2-D simulations.
Results are shown in Figure 16. This figure displays x � y
cross sections of the y-component of the velocity, normal-
ized with the Alfvén velocity, and of the reconnected field

Figure 15. The x � z cross section of the reconnected field
Bx for hz = 4.0 c/wpi in Hall-less 3-D hybrid simulations at
three different times, as indicated. Cut taken 3 c/wpi away
from the center. As in the regular hybrid simulations shown
in Figure 9, the ion flow enhances the reconnection
signatures on the downstream side if the diffusion region
is sufficiently wide in z. Thus this effect does not require the
Hall term; instead, it is a consequence of the momentum
associated with the current-carrying ions. See color version
of this figure in the HTML.

Figure 16. The x � y cross sections of the normalized
y-component of the velocity and of the reconnected field Bx

in periodic 3-D hybrid simulations at two different times, as
indicated. Resistivity is finite ±10 c/wpi around center in y,
and ±1 c/wpi from center in x. Reconnection is slow at first
in the Sweet-Parker configuration. At about 20 to 30 Wci

�1

one of the edges of the Sweet-Parker domain starts to
dominate, essentially leading to a Petschek-like configura-
tion with much enhanced reconnection rate and Alfvénic
outflow at about 50 Wci

�1. See color version of this figure in
the HTML.
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Bx at two different times, as indicated. Resistivity is finite at
±10 c/wpi around the center in y, and ±1 c/wpi from the
center in x. Reconnection is slow at first in the Sweet-Parker
configuration. At �20–30 Wci

�1 one of the edges of the
Sweet-Parker domain starts to dominate, essentially leading
to a Petschek-like configuration with much enhanced re-
connection rate and Alfvénic outflow at �50 Wci

�1. Note that
the outflow velocity doubles between the two time frames
shown. There is also a small-amplitude ion-ion kink insta-
bility [Karimabadi et al., 2003b; Karimabadi et al., 2003a]
that develops at about the same time. The instability shifts
the current sheet slightly away from the x-center of the
simulation box but does not appear to interfere otherwise
with the reconnection up to this point.
[44] In a series of nonperiodic simulations with a box

profile in x and y, hx = 1.0 c/wpi, hy = 10.0 c/wpi, h = 4 �
10�4, and varying hz (cosh profile), the y-extended recon-
nection region becomes unstable and reverts to Petschek
reconnection within the duration of our typical simulations
(40 Wci

�1 to 80 Wci
�1) at hz � 8.0 c/wpi. Figure 17 shows the

y-component of the velocity and of the reconnected field Bx

in a similar format as Figure 16, at 60 Wci
�1, 3.0 c/wpi

downstream from the z-center. Again, reconnection at one
edge of the Sweet-Parker diffusion region starts to domi-
nate. However, in this case the ion-ion kink mode has
grown to amplitudes so as to shift the current layer suffi-
ciently away from the diffusion region, interfering with
further reconnection. We would also like to note that as in
our other nonperiodic simulations, reconnection is at this
value of hz still distinctly three-dimensional, with different
reconnection signatures as a function of z.
[45] Since we cannot run the simulations arbitrarily long,

and given the interference of the kink mode, the above value
of hz � 8.0 c/wpi is just an upper limit. In other words, based
on the ion physics alone, given sufficient time and in 3-D, a
Sweet-Parker type reconnection region will likely convert to
a Petschek reconnection configuration for most values of hz

of interest. In a limited number of runs with varying hx and
hy, and also using the cosh resistivity profile, we find that
the time scale over which an initial Sweet-Parker configu-
ration becomes unstable depends on the geometric shape of
the diffusion region.

4. Discussion and Summary

[46] In this paper we addressed several interrelated issues
regarding the process of magnetic reconnection in a kinetic
plasma. The main results are summarized below.

4.1. Sweet-Parker Versus Petschek Reconnection

[47] There has been a strong interest in understanding the
conditions under which different reconnection regimes,
Sweet-Parker versus Petschek, are realized. Studies based
on MHD have shown [Ugai and Tsuda, 1977; Scholer,
1989; Yan et al., 1992; Ugai, 1999] that Sweet-Parker
reconnection is obtained unless the resistivity is localized
in a small region. Here we reexamined this issue in the
kinetic regime. We found significant differences with MHD
results. First, in MHD, the region where resistivity is
imposed coincides with the diffusion region, so the
observed link between the size of the resistive region and
the rate of reconnection is not too surprising. However, we
have shown here that in a kinetic plasma the size of the
diffusion region is in general different than the size of the
localized resistivity. This is because the main role of resis-
tivity is as a reconnection enabler by breaking the frozen-in
condition. However, the long time evolution of the system is
dominated by ion physics and is not tied to the resistive
scales. Second, we find that Sweet-Parker reconnection is
not a stationary solution for physically interesting forms and
sizes of the resistivity region. In MHD, since there are no
intrinsic scales, one has the freedom to consider an arbitrary
range in d/D, where d is the resistivity-dependent width of the
diffusion region and D is the length of the diffusion region
along the outflow direction. In a real system, however, there
are physical scales and this limits the range in d/D. For
example, in the magnetotail, one ion inertial length is�1/6th
of Earth radius, so it would be unrealistic to consider D of
100 ion inertial lengths in the magnetotail or assume that the
resistivity would be uniform over such a large region in
space. Taking this physical reality into account, we consid-
ered the conditions under which Sweet-Parker and Petschek
reconnection maybe obtained in a kinetic plasma. We found
that under certain conditions the system initially can evolve
based on the Sweet-Parker scenario, but this is not a stable
configuration and, given enough time, the system becomes
unstable and evolves toward a Petschek reconnection. Fur-
thermore, the requirement of uniform resistivity over many
ion inertial lengths for the initial evolution to Sweet-Parker
reconnection is not likely to be realized in a real plasma.
Thus it seems unlikely that Sweet-Parker reconnection
would occur in the magnetosphere, although it may occur
in other physical settings where ion inertial length is very
small compared with other relevant parameters.

4.2. Role of System Size on Magnetic Reconnection

[48] We showed that as long as the system size is much
longer than the ion inertial length c/wpi, the details of
reconnection become independent of the system size. This

Figure 17. The x � y cross sections of the normalized
y-component of the velocity and of the reconnected field Bx

in a nonperiodic 3-D hybrid simulation. Resistivity has the
box shape with ±10 c/wpi around center in y, ±1 c/wpi from
center in x, and hz = 8 c/wpi in z with a cosh profile. Similar
to the periodic run with homogeneous resistivity along z
shown in Figure 16, the Sweet-Parker configuration
becomes unstable and tends toward Petschek at about
60 Wci

�1. At this point in time, a growing kink instability has
started to shift the current layer outside the region of
resistivity, starting to suppress further reconnection. See
color version of this figure in the HTML.
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kinetic result is in agreement with the results of Shay et al.
[1999, 2004] that showed that reconnection remains Alf-
vénic in a collision less plasma even when the macroscopic
scale length of the system becomes large, with a reconnec-
tion rate that is independent of the system size. Additionally,
the recent work of Huba and Rudakov [2004] demonstrated
that the asymptotic (i.e., time-independent) state of a
reversed-field configuration is nearly independent of the
initial current sheet width. Specifically, the Hall reconnec-
tion rate is weakly dependent on the initial current layer
width and is @F/@t ] 0.1 VA0B0, where is the reconnected
flux and VA0 and B0 are the Alfvén velocity and magnetic
field strength in the upstream region. Moreover, this rate
appears to be independent of the scale length on which the
electron ‘‘frozen-in’’ condition is broken (as long as it is
<c/wpi).

4.3. Possibility of Fast Reconnection Due to
Ion Kinetics

[49] GEMchallenge studiesBirn et al., 2001;Kuznetsovaet
al., 2001] bypassed the initial linear growth phase of the
current sheet by imposing a rather large external perturbation
and calculated the reconnection rate and compared it between
MHD, Hall MHD, hybrid, and full particle simulations. Since
periodic simulations (in the direction along the initial mag-
netic field)were used, the system did not reach steady state
and there connection rate was time-dependent. It was found
that reconnection rate is insensitive to the details of how the
frozen-in condition is broken and found similar rates in Hall
MHD, hybrid, and full particle simulations but found much
lower reconnection rate in MHD. Fast reconnection and its
absence in MHD was explained in terms of the quadratic
dispersion property of whistlers (higher phase speed at
smaller spatial scales). We took a different approach and used
simulationswith inflow-out flowboundary conditions, allow-
ing the system to reach steady state, and then compared the
value of the reconnection rate between the hybrid and Hall-
less hybrid simulations. Since whistlers are dispersionless in
the Hall-less hybrid case (e.g., Figure 2), we also tested the
connection between whistler dispersion and fast reconnec-
tion, as suggested by GEM challenge studies. We found that
the asymptotic reconnection rate is very similar in both cases
and is �0.15 VA0B0. This clearly demonstrates two very
important points: (1) ion kinetic alone, and even in the
absence of the Hall term, can give rise to fast reconnection
and (2) quadratic property of whistlers is not critical to fast
reconnection in the kinetic regime.

4.4. 3-D Asymmetries and Reconnection Waves

[50] Three-dimensional Hall-MHD simulations of recon-
nection have revealed the presence of asymmetries in the
magnetic field [Huba and Rudakov, 2002; Shay et al.,
2003]. We provided a physical picture for these so-called
reconnection waves and examined their possibility in the
kinetic regime. We found marked differences between Hall
MHD and hybrid results in the nature of asymmetry arising
due to the third dimension. In Hall MHD the asymmetry
propagates as a wave in the direction of the flow of the
current-carrying population [Huba and Rudakov, 2002;
Shay et al., 2003]. In the case where the electrons are
current-carriers, then the reconnection wave would propa-
gate in the direction of the electrons. In 3-D hybrid,

however, the observed asymmetry is simply due to ion flow
(including a time-of-flight effect) rather than a propagating
wavefront. The observed asymmetries in the magnetic field
arising in 3-D Hall-MHD simulations of reconnection
[Huba and Rudakov, 2002; Shay et al., 2003] are eliminated
in the kinetic regime due to dominance of ion flows. One
exception is for very thin resistive layers in the third
dimension where the results of Huba and Rudakov [2002]
are obtained. These results clearly demonstrate the impor-
tance of ion kinetic effects in the reconnection process for
ion scale current layers.
[51] The absence of the reconnection wave in the kinetic

regime needs further clarification. In Hall MHD simula-
tions of the reconnection wave, including the one shown
here in Figure 10, the equilibrium current is carried by the
electrons and the reconnection wave moves in the direc-
tion of the electrons. Shay et al. [2003] suggested that if
the current/flow were to be carried by the ions, the
reconnection wave would then move in the direction of
the ions. In our hybrid simulations the ions carry the bulk
of the current as in the magnetotail, but unlike in Hall
MHD, there is no evidence that the enhanced reconnection
propagates as a wave front in either direction. Although
we have not performed any hybrid simulations where the
electrons are the dominant current carriers, in practice it is
the ions that typically carry most of the equilibrium current
in the magnetotail or at the magnetopause. One possible
exception may be in the thin current layers that are at
times observed embedded within a thicker current layer in
the magnetotail. The current within such thin layers would
be carried by the electrons, whereas the overall current of
the thicker sheet would be carried by the ions. The
possibility of reconnection waves in such double struc-
tured sheets remains an interesting open question.
[52] The above results are relevant to the magnetotail

where dawn-dusk asymmetries are observed in the motions
of auroral brightenings and surges, as well as in the
statistical location of pressure decreases, flows, and mag-
netic signatures associated with the near-Earth neutral line
and early plasmoids [Ieda et al., 1998; Miyashita et al.,
2000; Raj et al., 2002]. We have shown that 3-D reconnec-
tion is inherently asymmetric; in Hall MHD the asymmetry
is caused by a reconnection wave (Figure 10), while in the
kinetic regime it is caused by ion flow (Figure 11). Given
that ions carry the bulk of the current in the magnetotail, we
expect that observed asymmetries are due to ion flows in
three-dimensional reconnection rather than an electron-
driven reconnection wave [see also Krauss-Varban et al.,
1999b]. Detailed comparison with observations will be
discussed in a future publication.
[53] One area for future work would be to have a fluid

code that has both the Hall and an anisotropic ion pressure
tensor (e.g., finite Larmor radius effects). Such a code and
its comparison with the hybrid and Hall-less hybrid simu-
lations would facilitate a better understanding of the details
of the kinetic ion physics that seem to dominate the
reconnection process.

Appendix A

[54] For simulations that involve magnetic diffusion and
‘‘out-of-plane’’magnetic field generation, it is advisable to
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evaluate available numerical algorithm(s) for accuracy and
stability. Hybrid codes have been around for more than
30 years [Harned, 1982; Winske, 1985]. While from a
mathematical viewpoint, they may not be quite as well
understood as comparable fluid algorithms, much experi-
ence has been gained over this time concerning their
numerical properties. In recent years the vast majority of
published computations have used one of three distinct
types of codes: a direct solver (one-pass method [Thomas
et al., 1990; Fujimoto, 1990; Omidi et al., 2001]), the
predictor-corrector scheme [Harned, 1982; Quest, 1989],
and an algorithm based on a moment method [Quest,
1989; Matthews, 1994]. The history and details of hybrid
codes are further detailed in the works of Omidi et al.
[2001] and Winske et al. [2003].
[55] It is quite straightforward to understand what distin-

guishes the above approaches to hybrid algorithms. The
codes used in any significant number of application to date
employ, like most particle simulations, a leapfrog method to
advance the spatial and velocity components of the pseudo-
particles. This means that the spatial positions and velocities
are calculated on a temporal grid 1/2 time step apart. From
this, moments of the ion (charge) density and currents are
obtained to allow calculation of the electric and magnetic
field.
[56] The magnetic field is simply advanced from Fara-

day’s law (equation (3)), only involving the electric field
as a source at a certain, defined time step. As can be seen
from equation (2) in the main text of this paper, the
electric field is derived from the electron momentum
equation (Ohm’s law) and is a state equation. This means
that results for E can be obtained without time advance
from a given set of sources (density n, ion velocity/current
v/J, and magnetic field B) and at a certain time. The most
important point here is to realize that due to the use of a
leapfrog method for the particles, the two desired source
quantities (n, v) will not be available at the same said time
step to solve for E. Further, advancing B in any scheme
that is more accurate and more stable than simple forward
differencing requires knowledge of an approximation to E
at a later time that is yet to be calculated (and that
implicitly involves B and the moments at this later time).
Conversely, calculation of the moments at such advanced
times may require pushing the particles using E and B at
advanced times. Hybrid codes differ in their approach on
how to remedy this interdependence in a stable, accurate,
and fast way.
[57] In addition, stability, accuracy, and conservation

properties may be affected by the positions at which the
velocity moments are collected. We will elaborate on this
further below.
[58] The basic codes mentioned above are described in

detail in the literature. For here, it suffices to summarize
their general guiding principles; see Figure A1 for a sketch
of a simple explicit solver (Figure A1a) and a predictor
corrector scheme (Figure A1b). The direct solve (one-pass
method) tries to avoid a second particle push to align the
sources for E. Instead, it uses an extrapolation of the
velocities when calculating E. For this reason, it is a
relatively fast algorithm.
[59] The predictor-corrector scheme is known for its

accuracy in describing the shorter wavelength/higher fre-

quency portion of the wave spectrum. It consists of a two-
step process, in which an extrapolated value of E is used to
advance a temporary B and to move the particles for a
second moment collect, while a corrector step ensures
accurate sources for the final E calculation, maintaining a
time-centered philosophy. Although slower than the direct-
solve method for a given time step, its CPU time typically
competes well at any defined required level of accuracy.
[60] The CAM-CL method, as developed by Matthews

[1994], avoids the second particle push by employing a
moment method as in earlier variations of the hybrid code
[Quest, 1989]. The equations involved are somewhat cum-
bersome, but in the end there is little overhead compared
with the one-pass method.
[61] When extrapolating the velocity moments to match

the desired point in time, one can involve higher-order
schemes to accomplish this [Fujimoto, 1990; Thomas et
al., 1990]. However, in extensive tests and comparisons, we
have found no advantage of doing so. Thus we only report
here on using linear extrapolation/interpolation in the
moments for both the proper time slice evaluation and for
evaluating moments within substepping.
[62] Finally, for very high frequency/short wavelength

waves, one can make the argument that typically, only
modes that are almost field-aligned are not heavily damped
and thus contribute to the physical and numerical properties
of the simulation. These modes do not involve significant
perturbations of the density and velocity components. As
such, it is advantageous to substep the electric field solver
and magnetic field advance without recalculating the particle
sources [Swift, 1995; Matthews, 1994]. Here, we use a
Runge-Kutta [Press et al., 1992] scheme for this substepping
in the one-pass and CAM-CL codes. Moreover, the Runge-
Kutta scheme is generally used in our one-pass algorithm
instead of the two-step explicit process indicated in Figure
A1a. In the predictor-corrector code it is more practical to
continue the predictor-corrector scheme on a substep basis,
which is what we do. The particle push/moment collect
indicated in steps 1, 2, and 6 of Figure A1b are then only
executed in the first and last substep, respectively. In this
code, moments are interpolated/extrapolated as needed for
other substep points. As a guideline, we find that for typical
plasma parameters and numbers of particles per cell, sub-
stepping beyond 4 to 16 per regular time step is commonly
less efficient than using a smaller time step for the entire
computation. The exact number depends on the cost of the
particle push compared with the field solve (i.e., on the
number of particles per cell and on field solver overhead
incurred during parallel processing). Also, using a large
number of substeps at a relatively large time step can lead
to numerical instability.
[63] Coming back to the question of at what particle

position the velocity moments should be evaluated, there
are two competing principles. Standard practice (method 1)
is to honor the fact that the velocities are evaluated 1/2
temporal step before the positions and thus to use particle
positions for the v moment evaluation at this time. A
simpler method (method 2) uses the particle positions that
are more readily available, namely, 1/2 half step farther
advanced, after the particle positions have been updated,
and thus at the same time the density moment is collected. It
turns out that method 2 is susceptible to an instability
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transverse to B reminiscent of mirror waves under certain
parameter combinations (e.g., when the density is low and
the magnetic field is large, as for example in the magneto-
sphere). On the other hand, method 1 in some algorithms
leads to artificial particle heating when the streaming
velocity of the plasma is large compared with the thermal
velocity, unless a very small time step is chosen. We will
report on details of these numerical effects elsewhere.
[64] To resolve the numerical challenges outlined above,

we employ a method based on the local and instantaneous

Courant-Friedrich-Levy (CFL) condition of the particle (the
ratio of its spatial advance in one time step compared with
the cell size) in the one-pass algorithm. In other words a
particle that is fast in a particular direction is evaluated
using method 2, whereas a slow-moving particle uses
method 1. We were not able to employ such a method in
the CAM-CL algorithm, which in its moment prediction
uses method 1 by default. In our tests the predictor-
corrector algorithm does not require this modification and
works best with method 1.

Figure A1. Flow charts of (a) a simple explicit hybrid algorithm and (b) a predictor-corrector version.
Black letters indicate permanent solution; gray letters denote temporary values. The top of each box
shows the calculated quantity; the bottom shows its sources. S stands for the magnetic field, density, and
ion velocity sources combined. Our one-pass method is loosely based on the first algorithm, except that a
Runge-Kutta method with arbitrary substepping is used instead of the two-step, explicit method
indicated. Because of the symmetry between forward and backward differences when calculating B,
steps 5, 7, and 9 of the predictor-corrector algorithm are effectively time-centered.
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[65] We find that for most practical circumstances, any of
the above three codes give excellent results. A typical
example is shown in Table A1. Here, we tested the magnetic
field fluctuations and heating associated with plasma dis-
continuities moving at a moderate speed of VA/2. The 2-D
simulation box (100 � 100 cells, cell size 0.5 c/wpi) was
divided into a high proton beta plasma (bp = 2.0) and a low
beta plasma (density 1/4, proton temperature 1/8, magnetic
field �1.7 of high b region) with two distinct, pressure-
balanced ion populations and small electron temperature
equal to the proton temperature of the cold region through-
out. The field fluctuations and temperatures of this test gave
similar results; only the perpendicular temperature of the
colder species is reported here, at the end of the simulation
(16,000 steps at smallest time step). Owing to the small
density in the low beta region, the CFL condition on the
whistler waves requires Dt ] 0.02 Wci

�1. Indeed, we find that
the unmodified one-pass and predictor-corrector codes are
unstable for Dt = 0.04 Wci

�1. The fact that the CAM-CL code
is still stable at that time step, as well as its lower
temperature results in Table A1, indicate that it is slightly
diffusive. For example, with finite background resistivity
and/or smoothing of the sources, the other two codes also
run stable for Dt = 0.04 Wci

�1 but with the consequence of
associated numerical cooling. That is, artificial removal of
the highest mode number waves typically leads to cooling
of the plasma. There are other methods to avoid the limit
posed by the CFL condition on the whistlers, without
excessive numerical cooling. We will report on one such
method elsewhere.
[66] We have not found any significant differences

concerning the out-of-plane magnetic field or other impor-
tant plasma parameters, when run at a sufficiently small
time step. Differences between the codes surface in chal-
lenging situations, where convergence at the least amount of
CPU time is important and sought after.
[67] For example, regardless of our comments when

discussing Table A1, all three algorithms have negligible
numerical diffusion/resistivity under common circum-
stances. Even very thin current sheets with thickness small
compared with the ion inertial length will not reconnect
unless resistivity is (locally) added, breaking the frozen-in
condition for the electrons. However, in antiparallel mag-
netic field configurations embedded in streaming plasmas,
numerical diffusion is present and reconnection may occur.
In this case we found that the CAM-CL code has by far the
largest amount of diffusion, followed by the one-pass
method, with the predictor-corrector being the least diffu-
sive. Results are shown in Table A2 for a plasma config-

uration similar to that described for the test case of Table A1,
except with antiparallel magnetic fields, 1/2 the cell size,
and a streaming velocity of 8 VA (typical solar wind speed at
1AU), run up to 32,000 time steps. Here, ‘‘slight’’ recon-
nection means that there is no consequence on the temper-
atures of the plasma components, ‘‘moderate’’ means that
the low-temperature plasma is significantly heated, and
‘‘severe’’ means that both plasma components are signifi-
cantly heated. In agreement with the conjectures concerning
numerical diffusion in the three codes drawn above, we find
that the CAM-CL code is not very suitable to applications in
a moving plasma, while the predictor-corrector method
behaves the best under challenging circumstances.
[68] While the predictor-corrector algorithm uses more

CPU time due to its second particle advance, when imple-
mented as indicated in Figure A1b (only the v-moments are
evaluated a second time, not n), it is only �20% slower than
the one-pass method under typical circumstances. Evaluat-
ing v at N + 1 rather than the conventional N + 3/2 allows us
to subsequently calculate interpolated values in the substep-
ping process. In practice, to preserve the nonlinear proper-
ties of the particle push, this is done by advancing to N +
3/2 and then dividing the advance by two. Extrapolation to
N + 3/2 then simply recovers the full step.
[69] To summarize, the one-pass method is simple, accu-

rate, and efficient, and we use it as a standard code. Under
circumstances where high accuracy and best conservation
properties are required, eventually, the predictor-corrector
method outshines the one-pass scheme.
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