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[1] This paper is the first in a series of three with the aim of addressing one of
the controversial issues at the magnetopause, namely the location where reconnection
first occurs during periods of a large interplanetary magnetic field By. In this first
paper, the linear properties of the collisionless tearing mode are reexamined as a
function of the guide field By using a formally exact approach for computing the
nonlocal Vlasov stability of a current layer. Three distinct parameter regimes are
identified depending on the degree to which electron orbits are modified by the guide
field in the central region of the current layer. In the limit of both weak and strong
guide field, the fastest-growing tearing mode has a wave vector kx perpendicular to
the direction of the current, in agreement with previous theoretical treatments.
However, for intermediate values of the guide field where the electrons begin to
transition to magnetized orbits, the fastest-growing modes have a finite wave vector ky
in the direction of the current. In this newly discovered regime, the so-called drift
tearing modes have finite real frequency and propagate in the direction of the
electron diamagnetic drift with growth rates 10–50% larger than the conventional
tearing instability. Maximum growth occurs for a propagation angle in the range
q = tan�1(ky/kx) � 6–10�. These new predictions are confirmed using fully
kinetic particle-in-cell simulations. The structure of the out-of-plane magnetic field
perturbation predicted by nonlocal Vlasov theory is examined as a function of guide
field. In the limit of a neutral sheet, the quadrupole structure has a characteristic scale
near the electron meandering width and shows significant differences with the
predictions of linear Hall MHD. The addition of a guide field strongly distorts the
quadrupole structure and compresses the spatial extent. In the strong guide field limit,
the width of the out-of-plane magnetic field perturbation is reduced to the electron
gyroscale in the guide field. During the onset phase, these structures represent a
distinct signature of the collisionless tearing mode that is significantly different than the
typical ion-scale quadrupole pattern from fast reconnection. Finally, we note that the
tearing mode maintains a significant growth rate over a large range of guide field so that
component merging cannot be ruled out based on linear theory.
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110, A03217, doi:10.1029/2004JA010751.

1. Introduction

[2] Magnetic reconnection is now recognized as the
dominant transport mechanism at the magnetopause during
periods of southward IMF [Baumjohann and Paschmann,
1987]. However, there exist important gaps in our under-
standing of the details of how and where reconnection

occurs. One of the critical issues is to identify where the
reconnection line on the dayside magnetopause is formed
during periods of a large interplanetary magnetic field By

(the so-called guide field). Two competing models have
been proposed. The antiparallel merging model [Crooker,
1979; Luhmann et al., 1984] predicts that reconnection
would occur where the magnetic shear across the magneto-
pause is largest and predicts no reconnection in the subsolar
region when the IMF By is large. This is to be contrasted
with the component merging model [Sonnerup, 1974;
Gonzalez and Mozer, 1974], which predicts that the recon-
nection line passes through the subsolar point and has an
orientation that is controlled by the IMF. Observations of
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the magnetopause have yielded contradictory interpreta-
tions. For instance, Gosling et al. [1990] used observations
of events at low latitude and in one case for a magnetic
shear as small as 60� to argue against antiparallel merging
and in favor of component merging. More recent evidence
in favor of component merging has also been reported [Kim
et al., 2002; Moore et al., 2002; Sonnerup et al., 2004].
These studies are to be contrasted with those of Newell et al.
[1995, and references therein], which concluded that local
magnetic shear and not location is most important in
determining whether merging occurs.
[3] Although theoretical studies of reconnection at the

magnetopause have focused on the collisionless tearing
mode [Coppi et al., 1966; Laval et al., 1966; Biskamp
and Schindler, 1971; Sonnerup, 1974] as the onset mech-
anism, the results have been inconclusive. The linear
properties of the tearing mode for neutral sheet geometry
and with the addition of a guide field have been considered
by numerous authors [Drake and Lee, 1977; Galeev and
Zelenyi, 1978; Quest and Coroniti, 1981a, 1981b; Gladd,
1990; Ding et al., 1992]. In particular, Quest and Coroniti
[1981b] compared the growth rate to the magnetosheath
flow time from the nose of the magnetopause to the
equatorward edge of the polar cusp. This provides a
measure of the tearing efficiency as for longer times the
wave will be convected to the nightside before growing
appreciably. They concluded that only thin magnetopause
current sheets can satisfy the criterion that the tearing
growth time is much less than the flow time. Furthermore,
they showed that the presence of a guide field can reduce
the growth rate by as much as an order of magnitude or
more. Considering thicker sheets, Gladd [1990] concluded
that the tearing mode growth rate is too small by 1–2 orders
of magnitude and reiterated Galeev et al.’s [1986] sugges-
tion that other mechanisms such as anomalous resistivity
may be required to obtain substantially larger growth rates.
Chen and Palmadesso [1984] showed that an ion temper-
ature anisotropy, which is often observed in the magneto-
sheath, could also enhance the tearing mode growth rate and
that for relatively thick current layers the ion anisotropy can
increase the growth rate by 1–2 orders of magnitude
[Burkhart and Chen, 1989].
[4] The nonlinear evolution of the collisionless tearing

mode is less well understood than the linear theory. Early
theoretical studies ruled out component-merging as a pos-
sibility. Nonlinear theories of the tearing mode in the
presence of a guide field [Drake and Lee, 1977; Coroniti
and Quest, 1984] showed that the tearing mode saturates at
minute amplitudes (50 m), much smaller than the magne-
topause current layer thickness of 50–200 km. We refer the
reader to Karimabadi et al. [2005a, hereinafter referred to as
Paper II] for a review of these theories.
[5] The above studies have been hampered by several

factors. Analytical calculations of the tearing mode are
notoriously difficult due to the complex particle orbits,
and the approximations break down in the limit of thin
current sheets often observed at the magnetopause. Particle
simulations of the tearing mode, which are used to study the
nonlinear evolution and saturation amplitude, are also very
difficult to perform. These simulations need to to be
performed with high resolution and in a regime where the
singular layer thickness is well separated from other scales

in the problem (e.g., the sheet thickness, debye length, ion
gyroradius, etc.). As it turns out, these requirements are
computationally challenging and even the more recent
studies of guide field tearing have bypassed the issue of
nonlinear saturation by imposing an initial, large pertur-
bation in the problem to avoid the onset phase and proceed
to fully developed fast reconnection [Hesse et al., 2002].
[6] Recognizing the above limitations, we have taken a

new approach. In this series of three papers, the linear and
nonlinear evolution of the tearing instability is examined for
a range of guide fields relevant to the magnetopause. In the
first paper, a novel approach for computing the Vlasov
stability of thin current sheets is used to reexamine the
linear properties of the tearing mode as a function of the
guide field. This approach allows one to compute formally
exact eigenmodes of the Vlasov-Maxwell system with
approximations arising only in the discretization of the
equations. Our second paper [Karimabadi et al., 2005a,
hereinafter referred to as Paper II] deals with the nonlinear
evolution and saturation mechanism of a single tearing
mode, while the third paper [Karimabadi et al., 2005b,
hereinafter referred to as Paper III] deals with the nonlinear
evolution in the presence of multiple modes with a detailed
discussion of the results in terms of reconnection onset at
the magnetopause.
[7] The main new results in this manuscript are (1) the

identification of a new regime of collisionless tearing with
properties intermediate between the zero and strong guide
field limits. In this new regime, the fastest-growing modes
have a finite wave vector ky in the direction of the current.
This unexpected result is verified using fully kinetic simu-
lation to examine the evolution of the tearing mode in the
linear regime. These so-called drift tearing modes propagate
in the direction of the electron diamagnetic drift with
growth rates 10–50% larger than the conventional tearing
instability. Maximum growth occurs for a propagation angle
in the range q = tan�1 (ky/kx) � 6–10�, giving rise to a
complex resonance structure in three dimensions. (2) The
nonlocal linear Vlasov approach is used to compute the out-
of-plane magnetic field perturbation in the linear regime. In
the zero guide field limit the perturbation has a quadrupole
structure, but with the introduction of a guide field the
pattern is highly distorted and the spatial scale is reduced to
the electron gyroscale. (3) The linear growth rate remains
competitive to the antiparallel case even for relatively large
values of the guide field. The relevance of this finding in
regard to viability of component merging will be explored
in more detail in Paper II.
[8] The manuscript is organized as follows. Section 2

describes the equilibrium used in this study, while section 3
describes the linear Vlasov code that is used for all nonlocal
linear calculations. The results are presented in section 4,
and the conclusions are summarized in section 5.

2. Equilibrium

[9] The Harris [1962] equilibrium is considered with the
addition of a uniform guide field

By ¼ Byo;

Bx ¼ Bxo tanh
z

L

� �
;

ð1Þ
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where L is the half thickness of the current sheet. The
magnetic field component Bx(z) is produced self-consis-
tently by the current within the sheet

Jy ¼
cBxo

4pL
sech2

z

L

� �
;

while the By component of the magnetic field is externally
applied.
[10] The equilibrium distributions are

fs ¼
n zð Þ

p3=2v3ths
exp �

v2x þ vy � Us

� �2þv2z

v2ths

" #
; ð2Þ

where s = i,e for ions and electrons, vths � (2Ts/ms)
1/2 is the

thermal velocity, Us is the fluid velocity in the y-direction,
Ts is the temperature, ms is the mass, and the density profile
is

n zð Þ � nosech
2 z

L

� �
: ð3Þ

The equilibrium force balance imposes the constraint

no Te þ Tið Þ ¼ B2
xo

8p
; ð4Þ

and to enforce charge neutrality, one must require Ui/Ti =
�Ue/Te. The drift velocities are chosen to be the
diamagnetic drifts resulting from the two-fluid description

Us ¼
2cTs

qsBoL
: ð5Þ

[11] In this manuscript the parameters characterizing the
equilibrium are given in terms of dimensionless parameters.
The Harris equilibrium with a guide field is characterized by
the five dimensionless parameters

ri
L
;

mi

me

;
Ti

Te
;

Byo

Bxo

;
wpe

Wce

;

where ri = vthi/Wci is an ion gyroradius, vthi = (2Ti/mi)
1/2 is

the ion thermal speed, Wcs = eBxo/(msc) is the
gyrofrequency computed from the asymptotic field Bxo,
and wpe = (4pnoe

2/me)
1/2 is the electron plasma

frequency calculated from the central density no. The
ratio of the ion fluid to thermal velocity may be express
as Ui/vthi = ri/L and the constraint (4) permits the
electron thermal velocity to be written as vthe/c =
[

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Ti=Te

p
(wpe/Wce)]

�1. A comprehensive study exam-
ining variations in all of these equilibrium parameters is
beyond the scope of the present manuscript and
furthermore is largely unnecessary since many of the
basic dependencies are well known. Instead, the focus is
directed toward the basic properties of the tearing mode
as a function of the guide field Byo/Bxo. For this

purpose, four of the dimensionless equilibrium param-
eters are held fixed for most of the results presented

ri
L
¼ 1;

mi

me

¼ 1836;
Ti

Te
¼ 1;

wpe

Wce

¼ 5; ð6Þ

which implies vthe/c � 0.14 is also held fixed.

3. Linear Vlasov Theory

[12] The linear properties of the tearing mode are calcu-
lated using the formally exact approach described in the
work of Daughton [1999]. This method employs a normal
mode stability calculation using a full Vlasov description
for both ions and electrons. The orbit integrals arising from
the linear Vlasov theory are treated numerically using the
exact unperturbed particle orbits and including the form of
the perturbation inside the integral. Both electromagnetic
and electrostatic contributions to the field perturbation are
retained and resulting system of integro-differential equa-
tions is solved using a basis function expansion of the the
eigenfunction. As discussed by Daughton [2003], the addi-
tion of a guide field introduces a few important complica-
tions, but the method remains formally exact. The results
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Figure 1. Dispersion relation in the limit of no guide
field Byo = 0. The (top) growth rate normalized to Wci and
(bottom) real frequency normalized to w

*e
� kyUe are

given as a function of kx and ky for the equilibrium
parameters in (6).

A03217 DAUGHTON AND KARIMABADI: KINETIC THEORY OF COLLISIONLESS TEARING

3 of 16

A03217



presented in this manuscript were calculated using the linear
Vlasov code described by Daughton [2003] and we refer
interested readers to this reference for a detailed description.
The basic strategy involves a normal mode calculation for
perturbations of the form

f̂ ¼ ~f zð Þ exp �iwt þ ikyyþ ikxx
� �

;

Â ¼ ~A zð Þ exp �iwt þ ikyyþ ikxx
� �

;

ð7Þ

where the complex functions f̂, Â are the perturbed
electrostatic and vector potentials. For a given Vlasov
equilibrium and for a given choice of wave vector (kx, ky),
the code computes the real frequency, growth rate (real and
imaginary part of w), and the complex eigenfunctions ~f(z)
and ~A(z) which describe the mode structure. The resulting
electric and magnetic field perturbations are computed from

Ê ¼ �rf̂� 1

c

@Â

@t

B̂ ¼ r	 Â:

[13] The eigenvalue problem is solved with a finite
element expansion of the eigenfunction. Typical solutions
presented in this manuscript employ 256 finite elements
across the sheet to represent the eigenfunction. To evaluate
the orbit integral, each particle trajectory is followed for a

single period tp using a time step Dt = tp/40. The velocity
space grid is 1000 	 40 	 40 with the finer resolution in the
vx direction to fully resolve the perturbed distribution
function in the vicinity of the resonance. The results
presented in this manuscript have been carefully check
for numerical convergence and sensitivity to these
parameters.

4. Results

[14] In this section, the linear properties of the tearing
mode are examined as a function of the guide field. Before
discussing these new results, it is worth reviewing the basic
properties of the tearing mode as a function of the dimen-
sionless parameters (6) which are held fixed in this study.
The variation of the growth rate with the mass ratio mi/me,
sheet thickness ri/L, and temperature ratio Ti/Te have been
studied in previous work for a Harris sheet [Daughton,
1999]. Both the growth rate and the wavelength of the
fastest-growing mode are very weakly dependent on the
mass ratio mi/me. This allows fairly realistic kinetic simu-
lations of tearing to be conducted at artificial values of mi/
me without significantly altering the linear properties of the
instability. For thicker current layers (smaller ri/L) the
growth rate is rapidly reduced and the fastest-growing mode
shifts to slightly longer wavelength kxL � 0.3, while for
thinner sheets the growth rate is increased and the fastest-
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Figure 2. Example eigenfunction for a tearing mode in the limit of no guide field Byo = 0 with
equilibrium parameters in (6). The solid and dashed lines denote the real and imaginary parts of ~Ax, ~Ay, ~Az

and f* � ~f(wpe/Wce). The wave vector is kxL = 0.50, kyL = 0 and the growth rate is g/Wci = 0.075.
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growing mode is very near kxL � 0.5. The growth rate is a
fairly strong function of the electron temperature and is
significantly reduced when the electron temperature is less
than the ion temperature Ti/Te > 1. The growth rate, real
frequency, and electromagnetic contribution to the eigen-
function ~A are to a very good approximation independent
of the ratio wpe/Wce. However, the magnitude of the
electrostatic contribution to the eigenmode scales linearly
with this dimensionless parameter. Therefore in this manu-
script, the electrostatic contribution to the eigenfunction is
presented in terms of the rescaled potential

f* zð Þ � ~f zð Þ wpe

Wce

: ð8Þ

Presented in this form, all aspects of the linear theory are
independent of wpe/Wce. This remains true for all values of
the guide field. The only regime in which significant
deviations are observed is for wpe < Wce, which corresponds
to relativistic electrons. Since the linear theory is based on
the nonrelativistic Vlasov equation, this regime is not
considered in the present manuscript.
[15] Although the tearing mode has been thoroughly

examined in the limit of very strong guide field, the
transitional regime between a neutral sheet with meandering

electron orbits and the strong guide field limit with helical
electron orbits has not been carefully examined. As one
might expect, the properties of the tearing mode are largely
determined by the degree electron orbits are modified by the
presence of the guide field. In a neutral sheet with By = 0,
the electrons in the central region undergo meandering
orbits with spatial extent de =

ffiffiffiffiffiffiffiffiffi
2reL

p
where re = vthe/Wce

is a thermal electron gyroradius computed with Bxo. In the
opposite limit of strong guide field, the electrons are fully
magnetized and undergo helical trajectories with weak
guiding center drifts due to the field inhomogeneity. A
rough estimate for the magnetic field required to magnetize
the electrons in the central region is determined by setting
de � reG, where reG is a thermal electron gyroradius in
the guide field. This simple estimate results in a charac-
teristic guide field

By*

Bxo

� 1ffiffiffi
2

p ri
L

� �1=2 Teme

Timi

	 
1=4

; ð9Þ

for which the trajectory of a thermal electron is significantly
modified. In this manuscript, the regime Byo < By* is
referred to as the weak guide field limit, since the electron
trajectories are still primarily influenced by the Harris field
Bx(x). The opposite limit Byo � By* is referred to as the
strong guide field regime, since the electrons are fully
magnetized by the guide field. In addition, there is an
intermediate range of guide fields corresponding to the
transitional regime between the unmagnetized and fully
magnetized electron trajectories. The simple estimate (9)
corresponds roughly to the magnetic field required to
magnetize an electron travelling at a thermal speed vthe. In
order to strongly magnetize all the electrons in the
distribution, a magnetic field 2–3 times larger than By* is
required. Therefore we adopt the following nomenclature to
describe the strength of the guide field:

Byo < By* ! Weak;

By* < Byo < 3By* ! Intermediate;

Byo > 3By* ! Strong:

ð10Þ

The numerical value of ‘‘3’’ in the above designation is
of course somewhat arbitrary. However, as discussed in
section 4.4, the behavior of the tearing mode growth rate as
a function of the guide field does indeed break into three
distinct regimes consistent with the designation in (10). In
the following three subsections, the mode structure and
dispersion relation are discussed for each of these regimes.

4.1. Weak Guide Field

[16] The dispersion relation of the tearing mode in the
limit of zero guide field is shown in Figure 1 for the
parameters in (6). The fastest-growing mode occurs for
approximately kxL � 0.46 and kyL = 0. For parameter
regimes in which tearing is less strongly driven (thicker
sheet, colder electrons), the fastest-growing mode shifts to
somewhat longer wavelength. Regardless of the other
equilibrium parameters, in the limit of weak guide field
the fastest-growing tearing mode always has ky ! 0. As
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Figure 3. Dispersion relation in the limit of strong guide
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given as a function of kx and ky for the equilibrium
parameters in (6).

A03217 DAUGHTON AND KARIMABADI: KINETIC THEORY OF COLLISIONLESS TEARING

5 of 16

A03217



shown in Figure 1, the addition of finite ky introduces a
linear coupling to the drift mode which reduces the growth
rate and causes the mode to propagate in the direction of
electron drift Ue with frequency of order we* � kyUe, the
electron diamagnetic drift frequency. Therefore in this
manuscript it is convenient to normalize the real frequency
to we*

, while retaining the more standard normalization for
the growth rate in terms of the ion cyclotron frequency Wci

based on the lobe field.
[17] A typical eigenfunction for the case of no guide

field is shown in Figure 2. Although most theoretical
treatments include only the ~Ay component of the pertur-
bation, the tearing mode actually perturbs all three
components of the vector potential as well as the elec-
trostatic potential. Each component of the eigenfunction is
of definite symmetry, with ~Ax, ~Ay and ~f of even parity
and ~Az of odd parity. As discussed in section 4.7,
the subdominant component of the electromagnetic per-
turbation gives rise to an out-of-plane magnetic field
perturbation, which is an important signature of the
collisionless tearing instability.
[18] The electrostatic contribution is important in accu-

rately computing the growth rate for ion scale current sheets
[Hoshino, 1987] but is less important for thicker current
layers. The electrostatic contribution to the tearing eigen-

function in Figure 2 is rescaled by the dimensionless
parameter wpe/Wce as defined in (8). Presented in this
fashion, the function f*(z) is independent of wpe/Wce. The
relative importance of the electrostatic to electromagnetic
perturbation may be estimated directly from Figure 2. In this
manuscript, the normalizations employed for the tearing
eigenfunction is the same as standard PIC units, where time
is normalized to the electron plasma frequency wpe and
length is normalized to the electron skin depth c/wpe. Thus
to compare the electrostatic to electromagnetic contributions
to the perturbed electric field ~Ex, one would compare (kxc/
wpe)~f to (w/wpe) ~Ax. For the example in Figure 2, the wave
vector is kxc/wpe � 0.017 and jwj/wpe � 8.2 	 10�6, which
implies that ~Ex is dominated by the electrostatic contribu-
tion. Likewise, ~Ez is also dominated by the electrostatic
contribution. Furthermore, it is easy to show this result is
independent of the ratio wpe/Wce for both ~Ex and ~Ez. With
this in mind, the ratio of the magnetic field to electric field
perturbation is ~Bz/~Ex = ~Ay/~f, which is directly proportional
to wpe/Wce. Thus the relative magnitude of the electrostatic
perturbation is significantly reduced in the physically
relevant parameter regime for magnetospheric plasmas
wpe/Wce � 8. This may have implications for the nonlinear
saturation of the tearing mode even though the linear growth
rate is independent of wpe/Wce.
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parameters in (6). The solid and dashed lines denote the real and imaginary parts of ~Ax, ~Ay, ~Az and
f* � ~f (wpe/Wce). The wave vector is kxL = 0.40, kyL = 0 and the growth rate is g/Wci = 0.031. The
range of z/L displayed in f* figure is expanded to better show the rapid transition across the resonant
surface at z/L = 0.

A03217 DAUGHTON AND KARIMABADI: KINETIC THEORY OF COLLISIONLESS TEARING

6 of 16

A03217



4.2. Strong Guide Field

[19] An example dispersion relation for the strong guide
field regime is shown in Figure 3 for the equilibrium
parameters in (6). The wave vector of the fastest-growing
mode is approximately kxL � 0.4. The addition of finite ky
reduces the growth rate as predicted by a large body of
previous work on drift tearing modes for strong guide field
[Catto et al., 1974; Coppi et al., 1979; Galeev, 1983;
Kuznetsova and Zelenyi, 1985; Gladd, 1990]. With the
addition of finite ky, the phase velocity of the mode is in
the direction of the electron drift with a real frequency of
order w

*e
. The resulting growth rate for the drift tearing

mode is significant over a fairly broad range of angles
extending to q � 15�. This is a broader range than previous
results reported by Gladd [1990] for drift tearing. However,
this previous work considered much thicker current sheets
ri/L = 0.1 and the approach involved a large number of
approximations.
[20] A typical tearing eigenfunction for the limit of strong

guide field is shown in Figure 4 for the fastest-growing
mode in Figure 3. The symmetry properties are complicated
by the presence of a guide field but are not destroyed
entirely. Each component of the eigenfunction is a super-
position of even and odd parity contributions which are 90�

out of phase. Of course, one may decompose any arbitrary
complex function into even and odd parity contributions;
however, if the function lacked any symmetry properties,
both parities would contain both real and imaginary parts. In
contrast, for each component in Figure 4, both the real and
imaginary parts are of definite parity.
[21] The dominant component of the tearing eigenfunc-

tion ~Ay is even parity and gives rise to the formation of the
magnetic island. This part of the tearing mode structure is
very similar to the case of zero guide field in Figure 2. In
contrast, the structure of the mode arising from the three
subdominant components of the eigenfunction is noticeably
different than the zero guide field case. The relative mag-
nitude of the electrostatic contribution is considerably larger
and is dominated by an odd parity contribution which varies
rapidly across the resonance layer and gives rise to a much
stronger perturbation in ~Ez. The characteristic scale of this
structure is a few reG. In addition, the subdominant electro-
magnetic perturbation ~Ax and ~Az are composed of both odd
and even parity terms. As discussed in section 4.7, this has
important implications for the out-of-plane magnetic field
perturbation.

4.3. Intermediate Guide Field

[22] An example dispersion relation for an intermediate
guide field is shown in Figure 5 for the parameters in (6). In
contrast to either the weak or strong guide field regimes, the
fastest-growing instability is an obliquely propagating drift
tearing mode. For these parameters, the maximum growth
rate g/Wci � 0.05 occurs approximately for kxL � 0.45, kyL
� 0.05, corresponding to an oblique angle of q = tan1(ky/kx)
� 6.3�. This is nearly 40% faster than the conventional
tearing mode with ky = 0, which has a growth rate g/Wci �
0.035 for this example. For larger oblique angles kyL > 0.05,
the growth rate of the drift tearing mode is reduced and
shifts to somewhat shorter wavelength. The growth rate of
the drift tearing mode is approximately equal to the standard
tearing mode near kyL � 0.14 corresponding to an oblique
angle of q � 16�.
[23] A typical eigenfunction for the tearing mode in the

intermediate guide field regime is shown in Figure 6 for
the wave vector kxL = 0.40 and kyL = 0. The basic
features are quite similar to the strong guide field case in
Figure 4, although the relative amplitudes between the
various components are a bit different. The symmetry
properties for this case are identical to the preceding
discussion for Figure 4.
[24] With the addition of finite ky, the properties of the

eigenfunction are dramatically altered. The tearing instabil-
ity localizes about the resonant surfaces within the current
sheet where k � B = 0. For the equilibrium magnetic field in
(1), the resonant surfaces are located at

z

L
¼ � tanh�1 kyByo

kxBxo

	 

� � kyByo

kxBxo

; ð11Þ

where the approximate expression is the lowest-order
expansion assuming kyByo � kxBxo. For the drift tearing
mode, the y-component of the wave vector is always in the
direction of the electron drift Ue which is the negative
y-direction. The x-component of the wave vector kx may be
either positive or negative. For the case of a neutral sheet
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Byo = 0, there is a single resonant surface at z = 0 and
consequently a single location for tearing to go unstable
regardless of the magnitude of ky. Since the mode remains
localized at z = 0, the resulting eigenfunction retains clear
symmetry properties. With the addition of a guide field, a
finite ky component destroys all symmetry in the problem.
For a given wave vector, there are two resonant surfaces
located on opposite sides of the current sheet and therefore
two spatial locations where tearing modes can exist. The
tearing mode with positive kx is localized about the resonant
surface on the z > 0 side of the sheet, while the tearing
mode with negative kx is localized about the resonant
surface on the z < 0 side. Both the real frequency and
growth rate for these two modes are exactly the same, but
the localization, spatial mode structure, and direction of
propagation are different. In the limit ky ! 0, the resonant
surfaces on each side of the sheet approach z ! 0 and these
two modes become one in the same. To emphasize this
point, the eigenfunction for a drift tearing mode localized
on the z > 0 side of the layer is shown in Figure 7, while
the eigenfunction for the corresponding mode localized on
the z < 0 side of the layer is shown in Figure 8.

4.4. Maximum Growth Versus Guide Field

[25] The maximum growth rate of the tearing mode as a
function of the guide field is shown in Figure 9 for the
equilibrium parameters in (6). The solid line was computed
by scanning over a range of kx while holding ky = 0 in order

to locate the maximum growth rate for each value of the
guide field. The dashed line was computed by scanning
over both kx and ky in order to locate the maximum. The
vertical lines correspond to B*y and 3B*y so that one may
easily infer the weak, intermediate, and strong guide field
regimes based on the criteria in (10). As already discussed,
the fastest-growing modes for both the weak and strong
guide field occurs for ky = 0, while the fastest-growing
modes in the intermediate guide field regime occur at
finite ky.
[26] Note that changing the guide field from 0 to a value

equal to the main field changes the growth rate by a factor
of �3.75. This indicates that component merging (finite
guide field) at the magnetopause remains competitive to the
antiparallel regime (zero guide field) for relatively large
values of guide field. We will discuss this in more detail in
Paper III.
[27] The physics responsible for the shift of the maximum

growth to oblique angles in the intermediate regime is not
well understood. We have verified that it is not due to the
nonadiabatic contribution of ions, as the maximum growth
remains oblique even when we turn off the nonadiabatic ion
contribution in the linear code. So this shift has to do with
the properties of electron orbits. The growth rate of the
collisionless tearing instability is determined in part by the
nature of the resonant interaction between the electrons and
the mode. In the intermediate guide field regime, there
exists a mixture of electron orbits, those that execute
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and f* � ~f(wpe/Wce). The wave vector is kxL = 0.40, kyL = 0 and the growth rate is g/Wci = 0.035.
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complicated meandering orbits as in the zero guide field
limit and those that are magnetized as in the strong guide
field limit. This mixture of electron orbits leads to a mode
that has properties intermediate between the two regimes of
zero and strong guide field.

4.5. Comparison With Analytic Theory

[28] One question of interest is the accuracy of previous
approximate linear theories for collisionless tearing. Al-
though there are analytic theories for both the neutral sheet
and strong guide field limits, there does not appear to be any
published analytic linear theory for the intermediate regime.
In addition, previous analytic theories still involve a large
number of approximations that become less accurate in the
limit of a thin current layer. In Figure 9, the analytic growth
rate is compared against the formally exact linear Vlasov
code as a function of guide field and holding kxL = 0.4 fixed
within the analytic calculation. The flat part of this curve in
the weak guide field regime corresponds to the growth rate
predicted by the analytic model for a neutral sheet (see
equation (A24) in paper III), while the decreasing portion of
the curve corresponds to the analytic result for a strong
guide field (see equation (A23) in paper III). Thus the curve
labelled ‘‘analytic model’’ in Figure 9 is the intersection of
these two separate theories. In both cases, the analytic
theory is larger than the prediction from the linear Vlasov

code, which is to be expected since the analytic theories
neglect the contribution from resonant ions and furthermore
neglect the electrostatic contribution to the mode. Presently,
there is no analytic model that goes continuously through
the intermediate regime. In the following two paragraphs,
the analytic theories are compared for the weak and strong
guide field limits as a function of the sheet thickness.
[29] Figure 10a shows a comparison for the growth rate

predicted by analytic theory with the formally exact linear
Vlasov code for the zero guide field limit. Since the effect of
resonant ions are typically ignored in the analytic theory, we
also show the result obtained from the linear Vlasov code
with the resonant ion contribution removed (i.e., only
include the adiabatic term for the ions). As explained in
Paper III, one can derive two analytical theories, a simpli-
fied version that leads to a closed form solution (see
equation (A24) in paper III) and a more complete treatment
which requires a partial numerical solution (see equation
(A27) in paper III). The simplified version does not predict
the maximum kx, whereas the more complete version
predicts kxL = 0.36 as compared with 0.44 from the linear
Vlasov code. In Figure 10a, we have used kxL = 0.4 to
compute the growth rate curve for the analytical results.
Other parameters in this comparison include Ti/Te = 5 and
mi/me = 1836. The simple analytical expression then yields
g � 0.0364(ri/L)

2.5 (dashed green line), whereas the semi-
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analytical result (dashed blue line) yields g � 0.049(ri/L)
2.39

for ri/L = 0.1 ! 1. These results are to be compared with
g � 0.0352(ri/L)

2.28 fit to the exact linear result (black line)
and g � 0.046(ri/L)

2.38 when the resonant ion terms are
turned off in the linear code (red line). From this comparison,
it is clear that the semianalytical result is in very good
agreement with the formally exact linear Vlasov code when
the resonant ion contribution is removed. Turning off the ion
term leads to larger growth rates as expected with the ion
contributions becoming larger for thinner sheets (a �35%
effect). The semianalytical theory provides a good estimate
of the growth rate in the absence of the resonant ion effects.
Comparison of the simple analytical expression with the
exact results (when ions are turned off) appears to become
less accurate for thicker sheets. This is counterintuitive, as
we would have expected the agreement with analytical
theory to improve for thicker sheets. It is possible that for
thicker sheets with ri/L� 0.1, the analytical theory becomes
a better approximation to the exact linear theory. However,
with the existing Vlasov code, calculations become very
difficult for these thick current layers, since one must resolve
the singular thickness in physical space as well as the
resonance in velocity space. Near marginal stability as the
pole approaches the real axis, the direct numerical solution
becomes extremely difficult. This regime is not interesting in
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magnetospheric physics, since the growth rates are far too
small to be of significance.
[30] Next consider a comparison for the strong guide field

limit shown in Figure 10b for Byo = Bxo. In this case, the
predicted growth rate from the full linear Vlasov calculation
is well fit by g � 0.00632 (ri/L)

2.9 (black line) and when the
resonant ion contribution is removed this becomes g �
0.00715 (ri/L)

3.0 (red line). The latter is in reasonable
agreement with analytic theory (see equation (A23) in paper
III), which for kxL = 0.25 yields g � 0.00624(ri/L)

3.0. Thus
the analytic theory provides a reasonable estimate of the
growth rate, even for thin sheets. Turning off the ion term
leads to larger growth rates but the effect is less pronounced
than in the zero guide field case.

4.6. Verification Using Kinetic Simulation

[31] The two-dimensional (2-D) kinetic simulation code
is based on a well-known explicit electromagnetic algorithm

[Morse and Nielson, 1971; Forslund, 1985]. In this full-
Maxwell approach, the fields are advanced using the scalar
and vector potentials. Working in the Coulomb gauge, the
scalar potential is computed directly from Poisson’s equa-
tion, while the vector potential is advanced in time using a
simple explicit algorithm [Morse and Nielson, 1971]. The
particle trajectories are advanced using the leapfrog tech-
nique, and particle moments are accumulated with area
weighting. To run on a parallel computer, the code is written
using domain decomposition with calls to the MPI library.
The boundary conditions for the particles and fields are
periodic in the x direction. Conducting boundary conditions
are imposed for the fields at the z boundaries, while
reflecting boundary conditions are used for the particles.
[32] Even with the fastest available computers, it would

be extremely difficult to simulate the development of a
tearing mode for the equilibrium parameters in (6). Fortu-
nately, the linear properties of tearing are only weakly
dependent on the mass ratio mi/me and the growth rate is
completely independent of wpe/Wce. Since the computational
cost is a strongly increasing function of these two param-
eters, the simulations were performed with reduced values

ri
L
¼ 1;

mi

me

¼ 100;
Ti

Te
¼ 1;

wpe

Wce

¼ 3: ð12Þ

[33] For these simulation parameters, the maximum
growth rate as function of guide field is shown in
Figure 11. The solid line is the maximum growth rate
with ky = 0, while the dashed line was obtained by
scanning over both ky and kx. The vertical lines correspond
to B*y and 3B*y for the simulation parameters in (12). The
artificial mass ratio mi/me = 100 in Figure 11 results in
approximately a 30% increase in the growth rate relative to
the results at the physical mass ratio in Figure 9. As
expected from (9), a larger By is required to transition
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between the weak, intermediate, and strong guide field
regimes. All of the basic features in Figure 11 are very
similar to the physical mass ratio results in Figure 9. The
largest difference in growth rate occurs for a guide field of
Byo/Bxo � 0.4. The tearing mode with kxL = 0.5 and ky = 0
has a predicted rate of g/Wci � 0.071, while the drift
tearing mode with kxL = 0.50 and kyL = 0.05 has a
predicted growth rate g/Wci � 0.083.
[34] There is an advantage in using 2-D simulations to

verify the new linear predictions, since the simulation plane
may be reoriented to permit or exclude the development of
any particular mode. By orienting the simulation in the z-x
plane, only the standard tearing mode with ky = 0 is
permitted to grow. Reorienting the simulation at an angle
q = tan�1(ky/kx) relative to the z-x plane will permit drift
tearing modes with finite ky but will exclude the standard
ky = 0 mode. Of course in reality all of these modes are
unstable and will grow up simultaneously in a 3-D simu-
lation. However, the limited goal of these 2-D simulations
is to verify the new linear Vlasov predictions, and for this
purpose it is desirable to exclude nonlinear interactions
between the various unstable modes. The 2-D nonlinear
evolution of tearing is considered extensively in Papers II
and III.
[35] In order to verify the essential predictions in

Figure 11, four simulations were performed over a range
of guide fields. As shown in Table 1, one simulation is in
the weak regime (case 1), one is in the strong regime
(case 4), and two simulations are in the intermediate regime
(case 2 and 3). In each case, the box size was 4pL 	 4pL,
which permits a single tearing island near maximum growth
kxL = 0.5. The spatial grid was 512 	 512 spatial grid and
30 	 106 computational particles were employed for each
species. The time step was DtWce = 0.04. The linear growth
rates shown in Table 1 were computed from a least squares
regression over the linear phase. These simulation results
confirm the predicted scaling of collisionless tearing as a
function of the guide field and confirm drift tearing modes
have a larger growth rate in the intermediate guide field
regime.

4.7. Out-of-Plane Magnetic Perturbation

[36] In the linear phase of collisionless tearing, the
eigenfunction contains important information on the struc-
ture of the out-of-plane perturbation. The subdominant
components of the eigenfunction (~Ax and ~Az) give rise to
the out-of-plane magnetic field perturbation ~By. In the
limit of weak guide field, the perturbation has a quadrupole
structure, as predicted from Hall MHD [Sonnerup, 1979]. In
recent years, this quadrupole structure has been identified as
a key signature of the Hall effect in fully nonlinear fast
reconnection. Terasawa [1983] examined the properties of
the out-of-plane magnetic perturbation for a neutral sheet
with a linear eigenmode analysis of resistive Hall MHD.

The out-of-plane magnetic perturbation is also predicted by
linear Vlasov theory, but as we now demonstrate, the
characteristic structure is significantly different than in Hall
MHD.
[37] The eigenfunctions resulting from linear Vlasov

theory are used to examine how the structure of the out-
of-plane perturbation varies as a function of the equilibrium
guide field. In the limit of equal mass, the quadrupole
structure disappears. Given this dependency on the
mass ratio, we consider two cases, one with mi/me = 100
(Figure 12) and the other with mi/me = 1836 (Figure 13). On
the left-hand side of each figure, the magnetic perturbation
~By computed from the eigenfunctions is shown for three
different values of the guide field, corresponding to the limit
of weak (Figure 2), intermediate (Figure 6), and strong
guide field (Figure 4). In order to better visualize the
predicted spatial structure, these solutions for ~By are used
to construct the contour plots shown on the right-hand sides
of Figures 12–13. Linear theory does not provide a predic-
tion of the amplitude of the perturbation relative to the
background field and only relative amplitudes and phases
are physically meaningful. However, since in both obser-
vations and simulations of reconnection, it is the total By

that is usually plotted, we show in Figures 12–13 contours
of By(x, z) = xReal[B̂y(x, z)] +Byo. Here x is the amplitude of
the linear perturbation relative to the background field.
Linear theory does not provide an estimate for x nor does
it take into account nonlinear addition of the imposed guide
field on the underlying structure of ~By, which may become
important in the nonlinear regime [Karimabadi et al., 1999].
Note that the choice of x only affects the values of the
contours (i.e., the range of contour levels in the color bar)
not the shape of the contours. However, it is still construc-
tive to plot By, as it provides insight as to what the structure
of the out-of-plane magnetic field would look like beyond
the linear phase. Here we assume that the linear perturbation
has grown to 60% of the background field.
[38] For the case of zero guide field, the real part of ~By is

zero while the odd parity imaginary part gives rise to a
quadrupolar structure. However, with the addition of a finite
guide field the ~By perturbation is composed of both odd and
even parity contributions, resulting in a distortion to the
quadrupole structure. This distortion is most dramatic in the
intermediate guide field regime (see middle panel), where
the even parity contribution to ~By is larger than the odd
parity term. For strong guide field, the odd parity term is
again dominant and the spatial structure is compressed
toward the electron scales. Thus the presence of the guide
field both distorts and compresses the magnetic perturbation
~By. Another interesting point is that in both the intermediate
and strong guide field limit in Figure 12, By has become
positive everywhere. This is clearly a function of how large
the linear perturbation grows relative to the initial guide
field [Karimabadi et al., 1999].
[39] Next consider the out-of-plane magnetic perturbation

at realistic mass ratio mi/me = 1836 in Figure 13. Comparing
Figure 12 with Figure 13, several points are immediately
obvious: (1) The extent of the core field in z is reduced
significantly for realistic mass ratio in all cases, but the peak
values of ~By remain almost the same. (2) The structure of ~By

(or equivalently By) is considerably different at realistic
mass ratio, as the double peaked (blue) structure in the

Table 1. Comparison Between Kinetic Simulations and Linear

Growth Rate Predictions in Figure 11

Case Byo/Bxo q g/Wci Theory g/Wci Simulation

1 0.0 0� 0.11 0.10
2 0.4 0� 0.071 0.065
3 0.4 5.7� 0.083 0.087
4 0.8 0� 0.062 0.064
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intensity plot of By has been replaced by a single peak in the
central region.
[40] In the published literature, there are two physical

mechanisms that contribute to the generation of the quad-
rupole structure. One is due to the Hall effect arising from

the difference in the electron and ion velocities [Sonnerup,
1979; Terasawa, 1983] and the other is due to ion kinetics
[Karimabadi et al., 2004]. The latter effect leads to quad-
rupole structures that can extend several ion inertial lengths,
whereas Hall MHD produces thinner structures typically on
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the order of ion inertial length. It is important to emphasize
that the out-of-plane structures resulting from nonlocal
linear Vlasov theory in Figure 13 are significantly smaller
than the ion inertial length. For the neutral sheet limit, the
spatial extent of the first peak in ~By is comparable to the
scale de � 0.22L for crossing electron trajectories.

[41] It is instructive to compare these results with the
prediction of resistive Hall MHD. In the Hall MHD eigen-
mode analysis [Terasawa, 1983] there are three relevant
scales within the layer: an outer region where ideal MHD
holds, an intermediate ion-inertial scale region where the
Hall term becomes important, and finally the inner resonant
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layer determined by the resistivity imposed within the
calculation. When comparing against the eigenmode results
from nonlocal Vlasov theory, one would expect the first two
regions to be similar, but the scale of the resonant layer is
determined by the electron kinetic physics instead of resis-
tivity. In the Hall MHD results [Terasawa, 1983], the
relative magnitude of the out-of-plane component of the
perturbation ~By/~Bx is predicted to be of order c/(wpiL) � 1.4.
In contrast, the Vlasov theory predicts a somewhat smaller
ratio ~By/~Bx � 0.6 (not shown). In the Hall MHD theory, the
peak in ~By is near the thickness of the resistive layer
followed by a slower decrease extending outward to the
ion inertial length. However, in the linear Vlasov treatment
for a neutral sheet, the location of the peak value in ~By is set
by the size of the electron meandering orbit followed by a
slowly decreasing structure which can extend out to the ion
inertial scale. Although the Hall effect plays an important
role in the generation of the quadrupole structure, Hall
MHD does not provide an adequate description of the
out-of-plane structure, since it cannot properly describe
the inner layer for a collisionless plasma.
[42] Although Terasawa [1983] did not consider the

effect of a guide field, it is clear that Hall MHD cannot
accurately describe the resonant layer in this regime either.
For example, the intermediate regime identified in this
manuscript is purely the result of electron kinetic effects
and does not exist in Hall MHD or any plasma model with
fluid electrons. Furthermore, in the strong guide field
regime shown in Figure 13, the spatial extent of the first
peak in ~By is reduced to approximately the electron gyro-
radius in the guide field reG � 0.047L, indicating large finite
electron gyroradius effects even in the presence of a strong
guide field. Given this scaling, it would appear that reduced
kinetic descriptions such as the gyrokinetic approach cannot
fully describe this aspect of collisionless tearing even in the
limit of very large guide field.
[43] For a collisionless tearing mode in the linear regime,

both the characteristic form and spatial scale of the out-of-
plane magnetic field perturbation are significantly different
than predicted by previous researchers for fully developed
fast reconnection. As reconnection proceeds to large ampli-
tude, the spatial scale of these linear perturbations will
be broadened due to (1) ion motion and (2) the expansion
of the fields lines as one moves in a cone away from the
x-point. Thus the linear theory provides the minimum scale
length of the out-of-plane magnetic field in the vicinity of the
x-line during the onset phase. These linear structures are
quite difficult to compute with particle-in-cell kinetic simu-
lations due to large statistical noise, and furthermore the
linear regime is often bypassed by employing a large initial
perturbation. However, in the magnetosphere these struc-
tures may perhaps provide an observable signature of
collisionless tearing during the onset phase which is dis-
tinctly different than the much larger-scale out-of-plane
structures observed during fast reconnection.

5. Conclusions

[44] The nonlocal kinetic theory of the collisionless
tearing mode was reexamined as a function of guide
field strength using a formally exact linear Vlasov code.
Three distinct parameter regimes were identified as

function of the guide field. In the limit of weak guide
field By < B*y, the electron trajectories are similar to a
neutral sheet and the growth rate and properties of the
eigenfunction are nearly independent of the guide field.
For strong guide field By > 3B*y, the growth rate of
tearing falls off approximately as Byo

�2/3. For both the
strong and weak guide field limits, the fastest-growing
tearing modes have zero real frequency and are perpen-
dicular to the current (ky = 0). However, in the
intermediate guide field regime B*y < By < 3B*y, the
fastest-growing tearing modes have a finite component of
the wave vector in the direction of the current. These
drift tearing modes propagate in the direction of the
electron drift with real frequency comparable to the
electron drift frequency. For a given ky in the direction
of the electron drift, there are two unstable drift tearing
modes corresponding to ±kx, which are localized about
resonant surfaces on opposite sides of the sheet. Thus to
include the full spectrum of unstable drift tearing modes
will require 3-D simulations. Nevertheless, the basic
predictions from the linear Vlasov theory have been
verified with 2-D fully kinetic simulations.
[45] The out-of-plane magnetic field perturbation pre-

dicted by linear Vlasov theory was examined in these three
distinct regimes. In the limit of a neutral sheet, the familiar
quadrupole structure is predicted, but the width and the
relative amplitude are different than the Hall MHD predic-
tion. The spatial scale of the peak value of ~By is of order de
corresponding to a crossing electron orbit. Finite ion Larmor
radius effects can lead to further broadening of the out-of-
plane magnetic field perturbation in later stages of recon-
nection, leading to quadrupole structures extending over
several ion inertial lengths [Karimabadi et al., 2004]. The
addition of a guide field complicates the out-of-plane
perturbation and compresses the spatial width down to the
electron gyroscale. One question that is left for future work
is the extent in which the structures predicted in linear
theory may survive into the nonlinear regime. However, two
features predicted by linear theory, namely the quadrupole
structure in the zero guide field limit and the asymmetric
structure for strong guide field, remain intact in the nonlin-
ear stage, although the scale of the structures are typically
larger than predicted by linear theory. Thus it may well be
that the morphology of By as predicted by linear theory is
preserved in the nonlinear regime, and as such linear theory
would provide the minimum length scale for By. The fact
that the scale length of By in the nonlinear regime would be
larger than the linear theory prediction is not surprising,
since linear theory does not take into account the cone angle
of the reconnection layer around a x-point which leads to
broadening of By away from the x-point, nor does it include
ion scale effects [Karimabadi et al., 2004]. Finally, the
growth rate of the tearing mode is not a strong function of
the guide field, changing by a factor of �3.75 when the
guide field changes from 0 to 1. The relevance of this
finding and its implication for onset of reconnection at the
magnetopause will be explored in detail in Paper III.
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